








































































































Notes

Goodness-of-Fit Measures

a.

R-squared (R?): The proportion of the variance in the dependent
variable that is predictable from the independent variables.
Ranges from 0 to 1, with higher values indicating better fit.

Adjusted R-squared: Modification of R* that adjusts for the
number of explanatory variables in a model relative to the

number of data points.

Standard Error (SE): Measures the variability of the estimated
coefficient around its true value. Lower SE indicates more

precise estimates.

Test Statistics

a.

t-statistic(#): Used to test if a single parameter is significantly
different from zero. Compares the estimated coefficient to its
standard error, assessing its statistical significance. A t-statistic
greater than 2 (in absolute value) usually indicates a statistically

significant coefficient.

F-statistic (F): Used to test if a group of parameters are jointly
different from zero. Tests the overall significance of the
regression model, assessing whether the independent variables
jointly explain a statistically significant portion of the variance
inY.

Hypothesis Testing

a.

b.

Null Hypothesis (Ho): A statement that there is no effect or no
relationship (e.g., f1 = 0).

Alternative Hypothesis (H;): The statement that there is an
effect or a relationship (e.g., p1 # 0).

Statistical Significance

a.

b.

a.

Confidence Interval: A range of values derived from the sample

statistics that is likely to cover the true population parameter.
p-value: The probability of obtaining the observed sample results
when the null hypothesis is true. A small p-value (typically <

0.05) indicates strong evidence against the null hypothesis.

M. Diagnostics

Multicollinearity: A situation in which two or more explanatory
variables in a multiple regression model are highly linearly

related.
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b. Heteroskedasticity: The condition in which the variance of the
residuals is not the same across all levels of the independent
variables.

c. Autocorrelation: Correlation of the error term over time. High
correlation among independent variables, leading to imprecise
estimates.

d. Stationarity: A characteristic of a time series in which the
properties do not depend on the time at which the series is
observed.

N. Visualizations

a. Scatter Plot: Displays the relationship between two variables,
with each data point representing a single observation.

b. Regression Line: A line drawn through the scatter plot,
representing the predicted values of Y based on the regression

equation.

For example, in a theoretical model hypothesizing a linear relationship
between wages earned (outcome variable) and education and experience

(predictor variables), the regression model can be formulated as:
Wages = a + f3, (Education) + f3, (Experience) + ¢

Running an ordinary least squares procedure on this model will give

estimations of population parameters interpreted as follows:
a = expected wage when both Education and Experience are zero

B, average increase in wages for each additional year of education,

holding Experience constant

B, average increase in wages for each additional year of experience,

holding Education constant

Data needed for estimating the relationship can either be collected by
the researcher for the specific purpose of conducting this study (primary
data) or can be extracted from datasets collected by other researchers or

institutions for their own purposes (secondary data).

1.2.7 The Nature and Sources of Data for Econometric Analysis

Econometric analysis hinges on the quality and nature of its data.

Understanding the data landscape is critical for researchers, as it shapes
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the types of questions we can ask, the models we can build, and the

conclusions we can draw. The specific types of data and considerations

may vary depending on the research area and chosen methodology. There

are many ways in which data can be classified. Following are sone of the

major classification of data types:

A. Primary vs. Secondary Data

a.

Primary data: Collected directly by the researcher for a specific
research question. Offers greater control over data quality and
content, but can be expensive and time-consuming to acquire.

Examples: Surveys, experiments, field observations.

Secondary data: Already collected and compiled by other
organizations (government agencies, research institutions,
private companies). Offers readily available data, often covering
large populations and extended time periods, but may have
limitations in terms of scope, quality, and control. Examples:

Census data, financial databases, market research reports.

B. Observational vs. Experimental Data

a.

ii.

iii.

Observational Data: Drawn from real-world observations, it
is non-experimental, meaning researchers cannot manipulate

variables directly. Examples include:

Government data: Census data, labor market statistics,
trade data (Strengths: Large scale, often publicly available;

Limitations: Potential biases, limited control over variables)

Surveys: Household surveys, business surveys (Strengths: Rich
information on individual/firm behavior; Limitations: Sample

selection bias, measurement error)

Financial data: Stock prices, exchange rates (Strengths: High
frequency, readily available; Limitations: Endogeneity, market

microstructure issues)

Experimental Data: Derived from controlled experiments
where researchers manipulate variables to observe their
causal effects. While rare in economics due to cost and ethical
concerns, it offers valuable insights when feasible. (Strengths:
Direct identification of causal effects; Limitations: Limited

generalizability, artificiality of lab settings)
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C. Cross-sectional vs. Time-series vs. Panel Data

a. Cross-Sectional Data: Refers to data collected on different
entities at a single point in time or over a very short period.
These entities could be individuals, households, firms, countries,
or a variety of other units. In a cross-sectional dataset, each
observation represents a single entity and can include variables
of interest such as income, education level, or expenditure on
healthcare. The main advantage of cross-sectional data is that
it can provide a snapshot of the population at a specific point
in time, allowing for comparisons across different entities.
However, one of the challenges with cross-sectional data is
the potential for omitted variable bias, where unobserved
differences between the entities can influence the results of the

econometric analysis.

b. Time-Series Data: Consists of observations on a variable or
several variables over time. These are sequential measurements
taken at regular or irregular intervals. For example, time-series
data can track the GDP of a country, stock prices, interest rates, or
unemployment rates across several years or quarters. The analysis
of time-series data allows economists to understand temporal
dynamics, identify trends, and make forecasts. However, time-
series data can be complicated to analyze due to potential issues
such as autocorrelation (where the value of a variable is correlated
with its own past values), non-stationarity (where properties of the
series like mean and variance change over time), and seasonality

(periodic fluctuations due to seasonal factors).

c. Panel Data: Also called longitudinal data, combines the features of
cross-sectional and time-series data. It consists of observations on
multiple entities over multiple time periods. This data type allows
for richer modeling of behavior because it captures both the inter-
temporal dynamics for each entity and the differences between
entities. Panel data provide several advantages for econometric
analysis. They can improve the estimation efficiency, control for
individual heterogeneity, and provide a more complex structure that
allows for more varied econometric models. However, panel data
also come with challenges, such as the complexity of the models
required to analyze them, potential for missing data issues, and the

need for advanced techniques to handle the interdependence of

observations within an entity over time.
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In addition to these primary data types, econometricians must also
consider the sources and quality of data. Data can be obtained from
surveys, administrative records, experiments, or observational studies.
Each source has its strengths and weaknesses that can affect the reliability
and validity of econometric inferences. Furthermore, issues such as
measurement errors, sampling bias, and data cleaning can significantly

influence the analysis.

The data should be free from errors and inconsistencies. Careful
data collection and cleaning are essential. Data cleaning and pre-
processing are essential steps to ensure the reliability of analysis. When
data does not accurately reflect the underlying variable, leading to
biased estimates. For example, self-reported income in surveys may
be underestimated. Missing values, outliers, and inconsistencies need
careful attention. Missing data can introduce bias and limit the scope
of analysis. Imputation techniques may be necessary to address missing
values. The level of detail in the data determines the level of analysis
possible. More detailed data allows for more nuanced insights but may
also increase complexity and computational demands. And, finally, the
data should represent the population of interest accurately. Selection
bias can occur if specific groups are over- or underrepresented. When
the sample of data does not represent the population of interest, leading
to biased estimates. For example, A survey on health outcomes may

only include people who are already interested in health.

Econometric studies make use of various types of data, each serving
different research purposes and providing unique insights into economic
behaviors and trends. The choice of data source for an econometric study
depends heavily on the specific research question being investigated.
However, some commonly used data sources for econometric studies

include:

A. Government Agencies

i. National Statistical Offices: These agencies collect and publish
a wide range of data on various topics, including demographics,
economics, labor, and social indicators. Examples include:

a. United States: U.S. Census Bureau: [URL https://www.census.
gov/]
b. India: Ministry of Statistics and Programme Implementation:

[URL https://www.mospi.gov.in/]
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C.

ii.

a.

b

iii.

a.

b.

The World Bank: World Development Indicators: [URL

https://data.worldbank.org/]
Central Banks: Central banks collect and publish data on
monetary policy, financial markets, and the economy. Examples
include:

U.S. Federal Reserve: Board of Governors of the Federal

Reserve System [URL https://www.federalreserve.gov/]

. Reserve Bank of India: [URL https://rbi.org.in/]

Other Government Agencies: Many other government agencies
collect and publish data relevant to specific sectors or topics.

Examples include:

U.S. Bureau of Labor Statistics: Bureau of Labor Statistics:
[URL https://www.bls.gov/]

India’s National Sample Survey Organization: [URL https://

www.india.gov.in/nsso-reports-publications]

International Organizations

L.

ii.

ii.

i

a.

International Monetary Fund (IMF): The IMF collects and
publishes data on global economic indicators, including GDP,

trade, and financial markets. [URL https://www.imf.org/]
World Bank: The World Bank collects and publishes data on

a wide range of topics related to development, poverty, and
inequality. [URL https://data.worldbank.org/]

Organization for Economic Co-operation and Development
(OECD): The OECD collects and publishes data on economic,
social, and environmental indicators for its member countries.
[URL https://www.oecd.org/]

. Private Sector

Commercial Databases: Many private companies provide access
to economic and financial data through subscription-based

services. Examples include:

Bloomberg Terminal: [URL https://www.bloomberg.com/
professional/]

Thomson Reuters Datastream: [URL https://www.lseg.com/
en/data-analytics/products/datastream-macroeconomic-
analysis]

Worldscope: Harvard Business School, Baker Library [URL
https://www.library.hbs.edu/find/databases/worldscope]
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ii. Research Institutes: Some research institutes collect and publish
data on specific topics. Examples include:
a. National Bureau of Economic Research (NBER): [URL
https://www.nber.org/]
b. Pew Research Center: [URL https://www.pewresearch.org/]
iii. Individual Surveys: Researchers may also collect their own data
through surveys or experiments.

Some of the most commonly used data repositories are:

A. Global

i. World Bank Open Data: A comprehensive repository of data
on development indicators from the World Bank. [URL https://
data.worldbank.org/]

ii. United Nations Data: A repository of data from various UN

agencies on a wide range of topics. [URL https://data.un.org/]

iii. The World Bank Indicators: A collection of indicators on
various topics related to development. [URL https://databank.
worldbank.org/]

iv. OECD iLibrary: A repository of data and publications from the
OECD. [URL https://stats.oecd.org/]

B. India

i. India Open Data Platform: A government initiative to promote
open access to data from various ministries and departments.
[URL https://data.gov.in/]

ii. National Data Repository: A repository of data from various
government agencies in India. [URL https://www.ndsindia.
org/]

iii. MOSPI Data Portal: A data portal from the Ministry of Statistics
and Programme Implementation. [URL https://mospi.gov.in/
data]

iv. Reserve Bank of India Database on Indian Economy (RBI-

DEIE): A database of economic and financial data from the
Reserve Bank of India. [URL https://cimsdbie.rbi.org.in/DBIE/]

These are just a few examples, and the best data source for any

particular study will depend on the specific research question and needs.
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1.2.8 Summary

Econometrics is a pivotal field that bridges economics with statistical
methods to analyze economic data, enabling economists to test hypotheses
and forecast future trends. This discipline’s core revolves around regression
analysis, a statistical technique used for estimating the relationships among
variables. Over time, econometrics has evolved, incorporating complex
models and methods to address various challenges, including non-linear

relationships, endogeneity, and heteroscedasticity.

Econometrics has, as a discipline, transformed from simple linear
regression models to more sophisticated econometric techniques. These
advancements have been crucial for understanding economic phenomena
in a more nuanced manner, allowing for more accurate predictions and
policy evaluations. Distinctions between statistical and deterministic
relationships, regression versus causation, and regression versus
correlation are essential for interpreting econometric results correctly, as
they highlight the limitations and potential misinterpretations of statistical

analyses.

Econometric analysis relies on various data types, including cross-
sectional, time-series, and panel data. Each data type offers unique insights
but also presents specific challenges that econometricians must navigate.
Modern econometrics has expanded to include techniques like machine
learning and big data analytics, reflecting the field’s adaptability to new
technological advancements. This evolution signifies a shift towards more
dynamic and flexible approaches to economic analysis, capable of handling

the complexity and volume of contemporary data.

1.2.9 Keywords

Autocorrelation: The correlation of a variable with itself across
different time intervals. In time-series data, it refers to the similarity
between observations as a function of the time lag between them,

which can affect the assumptions of classical regression models.

Causation vs. Correlation: A fundamental distinction in statistical
analysis where causation implies a cause-effect relationship between
variables, whereas correlation indicates a mutual relationship without

implying cause and effect.

Cross-sectional Data: Data collected at a single point in time across

several subjects, providing a snapshot of a system or phenomena.
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Deterministic Relationship: A relationship where one variable
deterministically determines another, without randomness in the

association.

Endogeneity: A condition in regression analysis where an explanatory
variable is correlated with the error term, leading to biased and

inconsistent estimates.

Heteroscedasticity: A situation in regression models where the
variance of the error terms varies across observations, potentially

leading to inefficient estimates.

Multicollinearity: A situation in regression analysis where two or
more independent variables are highly correlated, making it difficult

to distinguish their individual effects on the dependent variable.

Panel Data: Data that combines cross-sectional and time-series data,
tracking the same subjects across multiple time periods, enabling more

nuanced analyses of changes over time.

Regression Analysis: A statistical technique used to estimate the
relationships among variables. It is fundamental in econometrics for

modeling and analyzing several variables’ interactions.

Statistical Relationship: A relationship between variables that is
influenced by chance, implying that the relationship can vary and is

not fixed or deterministic.

Time-Series Data: Data collected over several time periods, allowing
for the analysis of trends, cycles, and other temporal effects on the

subject of interest.

1.2.10 Self-assessment Questions

1. What is the historical origin of the term “regression” in statistics?

2. How does the modern interpretation of regression differ from the
concept of “regression towards the mean”?

3. Distinguish between statistical and deterministic relationships in
the context of regression analysis.

4. Explain the difference between correlation and causation, and how

regression analysis addresses this distinction.

5. Describe the key terminology used in regression analysis, including
dependent and independent variables, regression line, intercept,

slope, and residuals.
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6. What are the different types of data commonly used in econometric
analysis?
7. Discuss the importance of data quality in regression analysis and

the potential consequences of using poor-quality data.

8. Can you think of an example where regression analysis has been

used in a field other than econometrics?

9. What are some of the limitations of using regression analysis to

draw conclusions about causal relationships?

10. How can you ensure that your interpretation of regression results is

statistically sound and avoids common pitfalls?

1.2.11 References

1. Introductory Econometrics: A Modern Approach by Jeffrey M.
Wooldridge. This textbook is renowned for its clarity and practical
approach to econometrics. It covers basic concepts, regression
analysis, and more advanced topics like panel data and instrumental
variables. Wooldridge’s book is well-suited for undergraduates and
graduate students alike, offering intuitive explanations and real-

world examples.

2. Econometric Analysis by William H. Greene. Greene’s book
is a comprehensive guide that delves into both the theory and
application of econometrics. It’s known for its rigorous treatment
of statistical methods and its detailed exploration of econometric
models, making it a staple for graduate students and professionals

seeking a deeper understanding of the field.

3. Econometrics by Fumio Hayashi. This book provides a solid
foundation in the principles of econometrics, focusing on
estimation, inference, and other fundamental concepts. Hayashi
emphasizes the use of matrix algebra in understanding econometric
models, making it suitable for students with a strong quantitative

background.

4. Econometrics by Bruce D. Hansen. This textbook offers a more
concise and theoretical treatment of econometrics, suitable for

undergraduates with a strong grasp of statistics and mathematics.

5. Using Econometrics: A Gentle Introduction by A. Colin Cameron
and Pravin K. Trivedi. This textbook focuses on the practical
application of econometrics, presenting various econometric

techniques through real-world examples.
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UNIT - 1l : Two Variable and Multiple Regression Analysis

Lesson 2.1 - Simple Linear Regression Model

Structure

2.1.1 Introduction to Regression Analysis

2.1.2  Economic versus Statistical Model

2.1.3  Observations and the Error Term

2.1.4 Estimating the Parameters of the Econometric Model
2.1.5 The Ordinary Least Squares Estimation Method
2.1.6  The Maximum Likelihood Estimation Method

2.1.7  Other Statistical-Econometric Models

2.1.8 Summary

2.1.9 Keywords

2.1.10 Self-assessment Questions

2.1.11 References

2.1.1 Introduction to Regression Analysis

Regression analysis is a fundamental statistical technique used to
investigate the relationships between variables. At its core, regression
analysis allows us to model, examine, and predict the association between a
dependent variable and one or more independent variables. The dependent
variable, also known as the outcome or response variable, is the variable
we are trying to understand or predict. The independent variables, often
termed predictors or explanatory variables, are the variables presumed to
influence the dependent variable. The importance of regression analysis
lies in its versatility; it can be applied to a myriad of economic questions,
from assessing the impact of education on earnings to understanding the

determinants of consumer spending.

The simplest forms of regression analysis is the linear regression
model, which assumes a linear relationship between the dependent and
independent variables. This model is instrumental in scenarios where the
objective is to understand how a unit change in the independent variable

affects the dependent variable. For instance, consider the relationship
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UNIT - V : Regression on Dummy Independent Variables

Lesson 5.1 - The Nature of Dummy Variables

Structure
5.1.1 Introduction
5.1.2 Dummy Variables and Intercept Parameters
5.1.3 Dummy Variables and Slope Parameters
5.1.4 The Intercept Dummy and the Interaction Variable
5.1.5 Dummy Variable for the Dependent Variable
5.1.6 Using Dummy Variables in case of more than Two Classes
5.1.7 The Dummy Variable Trap
5.1.8 Using Dummy Variables with Two Qualitative Variables
5.1.9 Using Dummy Variables with Continuous Quantitative

Variables
5.1.10 Dummy Variables and the Chow Test
5.1.11 Summary
5.1.12 Keywords
5.1.13 Self-assessment Questions

5.1.14 References

5.1.1 Introduction

Econometric models often rely on numerical data, but many interesting
economic questions involve categories (e.g., gender, race, industry type).
Categorical data represents qualities or classifications that do not have
a natural numerical scale. For instance, we cannot meaningfully add or
subtract values like “high school diploma” or “unemployed.” Categorical
variables, such as gender, race, educational level, or geographical regions,
cannot be directly included in a linear regression model because they lack
a natural numerical scale. Dummy variables provide a way to encode these
categorical variables into a format that can be used in regression analyses.
By including dummy variables in a regression model, researchers can
quantify the impact of these categorical factors on the outcome variable

of interest.
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Dummy variables act as a bridge between categorical data and
regression models. They convert categories into simple Os and 1s, allowing
researchers to analyze how these categories influence a continuous
outcome. In essence, these variables (also called binary, indicator, or
categorical variables) translate qualitative information into a format usable
by regression analysis. This lets researchers incorporate non-numerical

factors and assess their impact on the variable being predicted.

Coefficients of dummy variables are straightforward to interpret,
representing the average difference in the dependent variable for the
category relative to the reference category. By including dummy variables
for potential confounders, researchers can more accurately estimate the

effect of the variables of interest.

A dummy variable takes the value of 1 or 0 to indicate the presence
or absence of some categorical effect that may be expected to shift the
outcome. For example, suppose we are studying the effect of education
level on income. We have a category for “high school diploma.” To include
this in a regression, we create a dummy variable. This variable will take
a value of 1 if someone has a high school diploma and 0 otherwise. The
coefficient of this dummy variable in the regression analysis will tell us
how much, on average, having a high school diploma (compared to the
reference category, typically those without a diploma) affects income.
Consider another example: in studying wage determinants, a dummy
variable for gender might be created where 1 represents female and 0
represents male. This allows the model to account for wage differences

that are attributable to gender.

In econometric time series analysis, dummy variables may be used
to indicate the occurrence of wars, major strikes, or other significant
events). In panel data analyses, dummy variables are used to control
for unobserved heterogeneity across entities (e.g., individuals, firms,
countries) by including a dummy for each entity. This fixed effects
approach helps isolate the effect of variables of interest from the influence

of time-invariant characteristics.

Dummy variables can be used to test for interaction effects between
categorical and continuous variables. For example, by creating an
interaction term between a dummy variable (e.g., receiving training) and a
continuous variable (e.g., hours of training), analysts can examine whether

the impact of training on productivity varies with the amount of training.
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Dummy variables are essential for modeling seasonal patterns or
trends over time. Dummy variables can be added to represent each of
the possibly many seasonal periods contained in data, such as hourly
or weekly variations in traffic flow. For instance, monthly data analyses
might include 11 dummy variables to capture monthly effects (with one
month omitted as a reference), allowing the model to adjust for seasonal

variations in the data.

Dummy variables can help control for confounding factors and
improve the validity of results). For instance, when building a model to
explain income in a cross-section of the population, a dummy variable for
gender could be included to test the hypothesis that men have a higher

starting salary and faster trajectory than women.

Dummy variables can also be used to represent subgroups of the
sample in a study—often to distinguish different treatment groups. In the
simplest case, a person is given a value of 0 if they are in the control group
or a 1 if they are in the treated group. Dummy variables enable the use of
a single regression equation to represent multiple groups, eliminating the
need to write out separate equation models for each subgroup. Dummy
variables can account for group-specific effects that might otherwise cloud
your results. In a treatment effects model, a dummy variable can represent
the effect of both time (before and after treatment) and group membership

(treatment or control group).

Thus, dummy variables are a powerful tool in econometric analyses
for representing categorical data, indicating key events, controlling
for confounding factors, modeling seasonal and treatment effects, and
more. They allow for more nuanced models that capture the influence of
categorical variables. However, they should be used judiciously to ensure

valid and generalizable models.

5.1.2 Dummy Variables and Intercept Parameters

Consider the data of Gross Domestic Consumption and National
Income of India for the period 1981-81 to 2022-23 given in Table-1.
This period saw three major crises: the economic crisis of 1990-1991, the
worldwide recession 2008-09, and the COVID-19 lockdowns 2020-21.
Apart from these, the Indian economy also suffered from the shock of
demonetization towards the end of 2016 and the introduction of Goods

and Services Tax (GST) a year later. While GST implementation impacted
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the small and medium enterprises (MSMEs) mainly, the others-economic
crises and demonetization-hurt the consumers equally or even more than

they did the producers.

Now, if we were to model the relationship between national income and
gross domestic consumption for the period 1981-82 to 2022-23, we must
take into account these periods of crises where the relationship between
income and consumption was severely impacted upon by external forces.
Not accounting for these periods will lead to unreliable estimates. In the
absence of any major episodes, the relationship between gross domestic
consumption and national income could be represented by a simple linear

regression model, such as:
C =B, +BY, +9 (5.1)
where Y, = national income and C, = gross domestic consumption

But this equation does not take into account the impact of the crises
on the domestic consumption. The economic crises are expected to shift
this consumption function downwards during the crisis periods. How do

we account for that?

Dummy variables are a way to incorporate the effect of these economic
episodes into the relationship between gross domestic consumption and
national income. Essentially, we create a dummy variable, let’s say D,
and assign it a value of 1 if the gross domestic consumption and national
income data refer to an year of economic crisis and a value of 0 if the data
corresponds to an episode-free year. Thus, the dummy variable acts like a
switch which is turned ‘on’ (value = 1) during crisis years and turned ‘oft’

(value = 0) during non-crisis years. Thus:

{1 crisis years

Onormal years

Having created a dummy variable to represent the crisis years, we
must now decide how did the crises impact the domestic consumption.
This is the most crucial step with only theory to guide. If we theorize that
the economic crises impacted the level of autonomous consumption in the
economy, then we essentially mean that the intercept, B,, in equation 5.1
does not remain constant for all values in the sample years. We model this

mathematically by modifying equation 5.1 as:

Ct = Bm +B1Yz +0t (5.2)
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Notice that the intercept parameter now has a time subscript attached
to it indicating the fact that it is no longer a constant rather it changes from
one observation to another. Thus, we model the intercept incorporating

the dummy variable as:
Bo, =B, +0D, (5.3)

Since we have theorized that the effect of crises is on the level of
autonomous consumption, the coefficient of the dummy variable in
equation 5.3, represents the reduction in gross domestic consumption
during the economic episode years and is expected to have a negative sign.
We incorporate this assumption about the dummy variable to expand our

linear relationship model as:

C =B, +5D, +B,Y +q =1981,...,2023 (5.4)

Table 1: Domestic Consumption and National Income of India (Source:
Handbook of Indian Economy, RBI)

Year | National Gross Year National Gross
Income Domestic Income Domestic
(Rs. Consumption (Rs. Consumption
Billion) | (Rs. Billion) Billion) | (Rs. Billion)
1981-82 | 1331.95 684.58 2002-03 | 15465.04 7671.3
1982-83 | 1498.13 728.83 2003-04 | 17462.7 8722.13
1983-84 | 1766.84 872.22 2004-05 | 19802.26 9994.76
1984-85 | 1942.88 962.11 2005-06 | 22649.38 11487.77
1985-86 | 2187.35 1092.36 2006-07 | 26242.95 13464.75
1986-87 | 2507.21 1228.24 2007-08 | 31127.15 15977.93
1987-88 | 2891.02 1392.25 2008-09 | 36907.09 19182.54
1988-89 | 3507.91 1703.02 2009-10 | 44706.5 23284.63
1989-90 | 4090.26 1970.18 2010-11 | 53031.49 27693.06
1990-91 | 4598.74 2199.5 2011-12 | 61759.31 32440.52
1991-92 | 5020.13 2406.13 2012-13 | 67599.35 35756.22
1992-93 | 5448.59 2651.3 2013-14 | 73782.13 38845.69
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Year | National Gross Year National Gross

Income Domestic Income Domestic

(Rs. Consumption (Rs. Consumption

Billion) | (Rs. Billion) Billion) [ (Rs. Billion)
1993-94 | 6144.45 2938.54 2014-15 | 80709.89 42607.96
1994-95 | 6954.98 3369.62 2015-16 | 88171.14 46639.62
1995-96 | 8071.98 3919.47 2016-17 | 96412.28 51089.12
1996-97 | 9134.43 4436.55 2017-18 | 104756.92 55858.28
1997-98 | 10142.92 4860.6 2018-19 | 114435.85 60850.47
1998-99 | 11350.89 5510.28 2019-20 | 119363.78 63425.47
1999-00 | 12413.05 6158 2020-21 | 118318.33 62517.59
2000-01 | 13277.45 6623.97 2021-22 | 130225.85 69231.3
2001-02 | 14315.04 7123.41 2022-23 | 142424.47 75776.3

The econometric model we have hypothesized changes as the value of

the dummy variable changes during the crisis and non-crisis periods:

a) B, +B,Y, when D, =0
“ (B, +8)+BY, whenD, =1

Thus, during the crisis years, the intercept parameter, B, is reduced
by the amount § as it is expected to carry a negative sign. This can be

presented graphically as in Figure-1 below:

C

_—

p K E[C]=(B,+6)+B,Y

200



The dummy variable, D,, is called the intercept dummy variable as
it captures a shift in the intercept of a linear relationship modeled by a
regression equation. The dummy variable, in this case, has the effect of
pulling the consumption line downwards as it is expected to have a negative

value.

If the error terms, Q, in equation 5.4 follow the assumptions of the
classical linear regression model, all the parameters, including that of
the dummy variable, can be estimated using the ordinary least squares
(or any other, such as the maximum likelihood) estimation procedure.
The dummy variable is treated as any other explanatory variable in the
equation and the estimation is not affected by the fact that it consists of

only zeros and ones.

The estimated value of the parameter § can be checked for statistical
significance using the normally employed test of hypothesis; if the null
hypothesis of § = 0 is not rejected, then we can conclude that the economic

crises had no effect on the level of autonomous consumption.

For the data in Table-1, the economic crisis years are judged to be
1990-91 to 1992-93, 2008-09 to 2010-11, 2016-17 to 2017-18, and 2020-21
to 2021-22; the dummy variable is assigned a value of 1 for these years, 0
for the rest of the years. Running the ordinary least squares procedure

result in the following estimates:

C, =344.72-137.58D, +0.53Y, (5.5)

The standard errors of these parameter estimates are as follows:

SE,, = 0.001
SE, = 7.596
SE,, =41.073

The adjusted coefficient of determination turns out to be: R*= 0.999
indicating a very high explanatory power of the hypothesized regression
model. The omnibus test of significance of all the parameter estimates

together being non-zero yields: F= 28.90, significant at a= 0.01.

As expected, the ordinary least squares estimate of the dummy variable
parameter, J, is negative. Thus, on an average, the level of autonomous
domestic consumption decreased by 137.58 billion rupees during the crisis

years. This drop in the level of domestic consumption is the manifestation
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of structural changes in the economy during the crisis years. The regression
equation also shows that the marginal propensity to consume, estimated

by b,, is very low at just 53% of the marginal income.

5.1.3 Dummy Variables and Slope Parameters

The effect of a qualitative variable has to be guided by the theory.
Suppose we have an a priori reason to argue that the level of autonomous
consumption was not affected by the economic shocks, rather the
marginal propensity to consume-represented by the coefficient of the
income variable-was affected. To model this relationship we modify

equation 5.1 as:
C =B, +B,Y, +9 (5.6)

Where the addition of the subscript t to the slope parameter indicates
that it is no longer the same for all years and changes from one period to
another. As earlier, a dummy variable is created to incorporate the fact that
the slope parameter changes with cases. The slope parameter can now be

modeled as:

B, =B, +»D, (5.7)

We assume, for simplicity of exposition, that the intercept parameter
is constant. The coefficient y of the dummy variable D,, represents the
change in the marginal propensity to consume during the crisis and non-

crisis years in the sample.

Incorporating the effect of economic crises in the regression model

implies substituting equation 5.7 into equation 5.6 to obtain:
C, =B, +(B,+vD,)Y, +9 (5.8)
Or, equivalently as:
C =B, +BY +yDY +0 ¢=1981,...,2023 (5.9)

This representation essentially means that modeling the assumption
of time varying marginal propensity to consume adds a composite variable
to the regression relationship: D,Y,, the product of the dummy variable
and national income. This composite is called an interaction variable and
it captures the interaction effect of economic crises and national income
of domestic consumption. This interaction variable is absent during the

normal years as the dummy variable takes the value of zero and equals the
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national income during the crisis years when the dummy variable takes
the value of one. Thus, the interaction variable changes the consumption

function during the periods of economic crises:

_ B, +B,Y, when D, =0
“ By +(B,+7)Y, whenD, =1

Thus, during normal years, the marginal propensity to consume is f3,
and this changes during episodes of economic crises to ([31 +y); as earlier,
we expect Yy to be negative. Provided that the error terms in equation 5.9
follow the assumptions of the classical linear model, the parameters of
the equation, (B,,B,,7), can be estimated using the ordinary least squares
procedure. The hypothesis that the episodes of economic distress had no
effect on the marginal propensity to consume can be tested the usual way

for the null hypothesis: H,:y=0

5.1.4 The Intercept Dummy and the Interaction Variable

If we relax the somewhat artificial assumption of constant intercept
and accept the more likely scenario that the economic shocks affected
both the level of autonomous consumption and the marginal propensity
to consume, then we need to incorporate both the shift in the intercept
and time varying slope into the econometric mode. This can be achieved

by putting together equations 5.4 and 5.9 to get:
C,=B,+6D,+PBY, +y7(DY)+e, t=1981,...,2023 (5.10)

Where, as before, & is the parameter of the shift in the intercept and
y is the parameter of the interaction variable. Notice that, there is only
one dummy variable, D,, representing the presence or absence of the
economic shocks. Provided that the error terms of equation 5.10 follow
the assumptions of the classical linear regression model, the parameters of
the equation can be estimated, as before, using the ordinary least squares

procedure and tested for statistical significance.

5.1.5 Dummy Variable for the Dependent Variable

So far, we have considered cases where the outcome variable was
continuous and only the explanatory variables were categorical. But there
may be cases where the outcome variable itself is categorical. Consider, for
example, the very practical problem of predicting someone as potential

buyer of a luxury smartphone. Suppose that the ownership of a luxury
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smartphone of a certain brand is found to be heavily influenced by the
income earned by the individual and the profession to which the individual

belongs. This relationship is then modeled as:

Ci:B0+B1Yi+B2VVi+q (5.11)
Where:

C, = individual owns a luxury smartphone
Y, = income of the individual

W, = profession of the individual

Here the ownership of the luxury smartphone is clearly a dichotomous
variable—an individual owns it or does not own it. It can be represented
as a dummy variable that takes the value 1 if the individual owns a luxury
smartphone and the value 0 if the he does not own a luxury smartphone.
That is:

B {Oif does not own a luxury smartphone

1if does own a luxury smartphone

In case of dichotomous outcome variables, the error terms are not
homoscedastic. And, thus the ordinary least squares procedure is not
appropriate to estimate the model parameters. Such cases are estimated
with a modified set of variables and the estimation techniques fall under
the category of binary logistic regression models, namely the logit and
the probit models. Discussion of these models is beyond the scope of this

book; they can be learned in advanced courses of econometrics.

5.1.6 Using Dummy Variables in Case of More than Two Classes

The dummy variables that we have studied so far have only two states:
a value of 0 or 1. But in the example considered in the last section, the
explanatory variable ‘profession’ can, rather will, have more than two values,
e.g., investment banker, industrialist, doctor, academician, politician, etc.

Creating a dummy variable for ‘profession’ needs some consideration.

Consider the case where we want to model the consumption of caviar
by customers who buy it from a upmarket superstore so that we are able to
predict the amount of caviar that will be bought by a particular customer
who walks into the superstore. In a cross-sectional study of this kind the
prices of the goods concerned and of all its substitutes and compliments

are a given and therefore are not included in the econometric model.
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Suppose that a previous focus group study that found that the factors
that affect the caviar consumption are mainly: income, age, gender, and
profession. While the age and income of the individual are continuous
variables, gender and profession are not. Simple categorical variables like
gender take on only two values and it is easy to create dummy variables for
them. For example, the gender can be incorporated as a dummy variable

with two values:

~ {Oif male

1if female

But for profession, which has more than two states, dummy variables
need to be defined for each of the possible states. Suppose that the
profession has only four values: banker, politician, industrialist, and real

estate, then we may create the following dummy variables:

0 if the customer is not a banker
Bank )1 if the customer is a banker
{0 if the customer is not a politician
Politician

1 if the customer is a politician

0 if the customer is not an industrialist
[ndustrialist =) 1 if the customer is an industrialist

Notice that, for four states of the variable profession, we have created
only three dummy variables—one less than the number of states. The
omitted state, it can be any state decided arbitrarily, is taken as the base

case or the reference level.

5.1.7 The Dummy Variable Trap

The reason for creating one less dummy variable is that if we
create for all states that a particular variables takes, then we will have
a case of exact multicollinearity. If we create dummy variables for all
the states, they will add up to one making them linearly dependent
on the intercept variable. That is, the design matrix of X will have
an extra variable apart from the intercept that will have all its values
as 1, thus rendering two columns of the design matrix having the
exact same values and violating the full rank order condition for
the estimation of the parameters. This tendency to create dummy
variables for all states of a categorical variable is called falling into

a ‘dummy variable trap’—an eminently avoidable trap.
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Let us consider one of the most common use of dummy variables—
removing seasonality in a timeseries data. Many timeseries data exhibit
seasonal variations due to various factors—for example, air conditioner
sales are particularly high during the summers, raincoats during the
rainy season, etc. Similarly, sales of consumer electronics and clothing is
higher during the Durga Puja and Deepavali festivals. These variations
in the data are called seasonality. They can be easily modeled using

dummy variables.

Suppose we want to model retail sales of air conditioners in Northern
India. They exhibit high volumes during the months of April-May-June
and large drops during the month of October-November-December.
We can create a dummy variable representing the quarters of a year and

incorporate them into the regression model as follows:
S, =Po +B Xy, +P Xy, +. 4B X, +60, + 70, +105, +Q (5.12)
Where:

S, = quarterly sales
X, » X, X,, =explanatory factors
0,,0,,,0,, = quarterly dummy variables

These dummy variables take the values 0 and 1 as follows:

1 in the first quarter
v {O in all other quarters
1 in the second quarter
{0 in all other quarters

1 in the third quarter
Oy, =

0 in all other quarters

We created only 3 dummy variables for 4 quarters. The ordinary least

squares estimates of J,y,andm will give the seasonal effect of the first,
second, and third quarters. In the fourth quarter of the year all other
dummy variables (Q,,0,,,0,,) are zero; the seasonal effect of this quarter

is estimated by the intercept parameter, 3, .
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5.1.8 Using Dummy Variables with Two Qualitative Variables

Lets go back to the caviar consumption example in Section 5.1.6. The
basic econometric model that relates caviar consumption to the level of

income would be:
C. =B,+BY i=L2,...,N (5.13)

To keep the exposition simple, let us assume that the only qualitative
variables that affect the consumption of caviar by an individual are gender
and the type of profession the person is engaged in; also, assume that these
qualitative factors only affect the level of autonomous consumption of
caviar. Since the autonomous consumption is measured by the intercept, we
can incorporate the qualitative characteristics of the individual consumer

by modifying the base econometric model as:

C. =B, +BY, i=12,..,N (5.14)

The addition of the subscript i’ to the intercept parameter denotes
that it is no longer constant but varies from individual to individual. The

effect of the qualitative variables on the intercept can be incorporated as:

Boi =By +0G, +y W, + 7, W, + v W, (5.15)
Where:
- {0 %f male
" |1 iffemale
W {O if the customer is not a banker
" |1 ifthe customer is a banker
. & {0 if the customer is not a politician
* |1 ifthe customer is a politician
W= {0 if the customer is not an industrialist
* |1 ifthe customer is an industrialist

And 3,7,,7,,Y; are the coefficients of the dummy variables of gender
and profession expressing the effect of these qualitative variables on the
consumption of caviar. Incorporating equation 5.15 in equation 5.14 will

give the model to be estimated:

Cz’ :Bo +5Gi +Y1Wu +Y2VV2i +Y3VV31' +B1Y; i=12,...,N (5.16)
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In the above equation the reference or the base case is male real estate
agent. The complete enumeration of the effects of different combinations

of qualitative variables is as follows:

C =B, +BY, male real estate agent (5.17a)
C =B,+v,+BY male banker (5.17b)
C =B, +7v,+BY; male politician (5.17¢)
C =B, +7;+BY, male industrialist (5.17d)
C =B, +o+BY, female real estate agent (5.17e)
C =B, +0+y,+BY female banker (5.171)
C =B,+0+v,+p,Y, female politician (5.172)
C =B,+0+v,+B,Y, female industrialist (5.17h)

These equations can be used to answer questions such as: Do men and
women differ significantly in their caviar consumption habits? Does the
profession to which one belongs has any significant effect on the level of

caviar consumption?

Provided that equation 5.16 follows the assumptions of the classical
linear regression model, the ordinary least squares estimates of the
parameters can be obtained and tested in the usual way for their statistical
significance. For example, the difference in caviar consumption habits of
men and women can be tested by examining H:6 =0 using the Student’s
t-test. To test whether the caviar consumption level of a banker is the same

as that of a politician, we can test H,:y, —v, =0 using a t- or an F-test.

5.1.9 Using Dummy Variables with Continuous Quantitative
Variables

Suppose we are investigating whether having high blood pressure is
a risk factor for cardiovascular events, controlling for age and cholesterol
levels. For this study we gathered data from a sample of patients presented
in Table-2.

Table 2: Cardiovascular Event and Blood Pressure

ID | Systolic | Diastolic | Age | Cholesterol | Cardiovascular
BP BP Event
1 142 99 30 196 FALSE
2 147 100 71 289 TRUE
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ID | Systolic | Diastolic | Age | Cholesterol | Cardiovascular
BP BP Event
3 172 97 52 245 FALSE
4 115 81 73 186 TRUE
5 142 95 53 235 FALSE
6 131 64 52 286 FALSE
7 103 69 53 203 TRUE
8 175 63 34 212 FALSE
9 147 83 69 270 TRUE
10 126 91 73 244 TRUE
11 142 61 41 250 FALSE
12 167 75 61 197 FALSE
13 103 97 59 155 FALSE
14 137 84 67 176 FALSE
15 129 70 72 292 TRUE
16 108 103 32 196 FALSE
17 158 84 53 292 TRUE
18 146 103 51 202 FALSE
19 153 99 56 208 FALSE
20 123 102 59 270 FALSE
21 122 69 36 277 FALSE
22 179 105 57 218 TRUE
23 171 63 34 251 FALSE
24 118 107 52 214 TRUE
25 130 84 58 265 FALSE
26 110 61 32 166 TRUE
27 107 64 67 265 TRUE
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ID | Systolic | Diastolic | Age [ Cholesterol | Cardiovascular
BP BP Event
28 125 67 56 200 TRUE
29 137 103 61 178 TRUE
30 157 103 34 242 FALSE
31 116 103 41 290 TRUE
32 107 93 51 281 FALSE
33 147 102 64 222 FALSE
34 125 94 71 236 TRUE
35 109 83 70 201 TRUE
36 116 76 46 262 FALSE
37 131 78 46 170 TRUE
38 101 66 60 189 TRUE
39 105 67 56 166 FALSE
40 174 70 53 216 FALSE

While the dependent variable (the individual experienced a
cardiovascular event within the 5-year follow-up period) is dichotomous
(True/False), all the explanatory variables are continuous. To classify as
high or low blood pressure, we need to convert the blood pressure data

into dummy variable.

Based on medical guidelines, we define high blood pressure as systolic
blood pressure > 140 mmHg or diastolic blood pressure > 90 mmHg. We
then create a dummy variable BP that takes values 0 and 1 depending on

the systolic and diastolic blood pressure reading of patients:

i

1 if systolic > 140 or diastolic > 90
0 if systolic<140 and diastolic<90

We can now model the relationship between experiencing a
cardiovascular event (e.g., heart attack) and age, cholesterol level and high
blood pressure. Assuming that having high blood pressure increases the
baseline chances of experiencing a cardiovascular event, we define the

intercept term of the regression model as:
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We are essentially postulating that the baseline chances of experiencing
a cardiovascular event is a patient varying variable; for patients not
suffering from high blood pressure, the baseline chance is the same as
in the general population, but for patients suffering from high blood
pressure, the chances increase by §, which is expected to carry a positive

sign. Therefore, the regression model can be framed as:

CVE, =B,+0BP +B,4 +B,C, +¢, (5.18)
Where:

CVE, = the individual experiences a cardiovascular event
A. = age of the individual

C, = cholestrol level of the individual

If we have grounds for assuming that blood pressure also affects the
accumulation of cholesterol in human body, we can further modify the
regression model to incorporate an interaction variable (BPC,) that will
measure how high blood pressure and cholesterol level interact to affect the
chances of experiencing a cardiovascular event. In this case, the regression

equation can be modified as:
CVE, =B,+6BP +B, 4 +B,C, + y(BEC,)+¢, (5.19)

But studies have shown that as age increases the blood pressure also
increases. This means that there may be an interaction effect of blood
pressure and age on the likelihood of experiencing a cardiovascular event.

If so, we can modify our equation again to account for this new fact:

CVE, =B, +8BP +B, 4 +1(BPA4)+B,C,+y(BPC,)+e,  i=1...,N
(5.20)

If there is no interaction effect then 1, y =0 and the equation 5.20 will
reduce to equation 5.18 proposed earlier. An F-test can be used to check

whether all parameter estimates are nonzero simultaneously or not.

An alternative to use is the Binary Logistic Regression, especially since
the outcome variable is dichotomous. In that case the logistic regression

model would look like:

CVE, =B, +B,4, +B,S; +B,D, +B,C, + , (5.21)
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Where:

S, = systolic blood pressure

D, = diastolic blood pressure

But using the dummy variable approach has its advantage: if the
relationship between blood pressure and cardiovascular risk is not strictly
linear, the dummy variable might better capture this threshold effect. Also,
for some audiences, the results using the dummy variable may be easier to

communicate in the context of established high blood pressure guidelines.

5.1.10 Dummy Variables and the Chow Test

An alternative to using dummy variables to find out structural changes
is to use the F-test suggested by G.C. Chow and hence also known as the
Chow Test. To illustrate, suppose we have data from two separate samples
with unequal number of elements but the same variables. Then we can
use the two samples individually to generate two separate estimates of
the same relationship between the outcome and the predictor variables.
We can then check whether the relationship changes from one sample
to the other which essentially means that we want to check whether the

parameter estimates are equal or not.

Consider the following data on domestic consumption and national
income (in billions of rupees) for two different, yet contiguous, time

periods of an economy:

Table 3: National Income and Domestic Consumption

Year | National Domestic Year | National Domestic
Income | Consumption Income | Consumption
1950 [ 22480 12616 1960 27584 16506
1951 21987 14858 1961 | 24811 16741
1952 22426 12455 1962 29717 17603
1953 20996 13894 1963 | 26216 19858
1954 21315 13622 1964 | 25955 18495
1955 22299 13718 1965 | 22848 19887
1956 18616 13714 1966 | 24119 15524
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Year | National Domestic Year | National Domestic
Income | Consumption Income | Consumption
1957 21030 14032 1967 | 28924 18037
1958 | 18905 12931 1968 | 26738 19764
1959 | 22364 13669 1969 | 28310 16800

The consumption function for the two separate time periods will
have the same variables and the same structural relationship between the
outcome and predictor variables but will be estimated using two separate

samples of data. Thus, the two regression equations can be formulated as:
G =By + BT (5.22)
CP =B +p'Y” (5.23)

Formulated in this way, we are interested in knowing whether
these two relationships (their estimates, actually) differ in a statistically
significant way? This boils down to testing the null hypotheses bout the

intercept and the slopes, namely:
H,:B; =B, and H,:B/=p;

The intercept null hypothesis asks examines whether the consumption
function shifted over the two time periods. The slope null hypothesis tests
whether the marginal propensity to consume changed over the two time

periods.

To answer these questions, we first, pool together all the observations
from both the samples to form a single dataset and then estimate the

following relationship:
Cpooled = yO + lepooled (524)

Using the parameter estimates, we calculate the predicted values of
the outcome variable (domestic consumption), and then estimate the

unexplained variance of the model in equation 5.24:

2 2 n2
z epuoled = Z Cpoaled B Cpooled (525)

If the two samples contained n, and n, elements and the number of
parameters (intercept and the slopes) is K, then this sum of unexplained

variances will have (n,+n,—K) degrees of freedom. A similar exercise
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performed on the two samples separately will yield their respective sum of

unexplained variances:
Yei=Yc,—Xé df =(n,—K) (5.26)
Yey=Yc,-X¢  df =(n,—K) (5.27)

We then add the two separate sum of unexplained variances to get
the total unexplained variance with (n,—K)+(n,—K)=(n +n,-2K)

degrees of freedom:
Yei+Xe, (5.28)

Next, subtract this from the pooled sum of unexplained variances to

get, with (n, +n, —K)—(n, +n,-2K)=K degrees of freedom:

e —(Zei +2e3) (5.29)

Then to perform the omnibus check that all parameter differences are

nonzero, we calculate the following F ratio:

zelzmaled _(zej +zel29)
F = K___ (5.30)
Ye, +2e;
(m,+n,—2K)

At 5% level of significance (o =0.05), if F~ > F,,, we reject the null
hypothesis, H,:B;'=B; and conclude that the two sets of parameter
estimates, and hence the two functions, differ from each other in a
statistically significant way. In other words, not only did the consumption
function shift from period A to period B but also the marginal propensity

to consume changed between the two time periods.

The disadvantage of the Chow Test is that since it is an omnibus test,
it does not tell us the cause of the structural change. It can only test for a
structural break but cannot pinpoint what caused that break. In contrast,
the dummy variable approach to studying structural changes can pinpoint
the exact cause of the break—intercept or slope or an interaction variable.
This limit is also reflected in the fact that unless we know the exact break
point, the Chow test cannot be performed. The dummy variable approach
is more flexible as it can incorporate discontinuous periods of time and

test across multiple break points.
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Simply put, while the Chow Test is a straightforward way to test for a
structural break at a known date, the Dummy Variable approach is more
versatile, pinpointing the nature of the change, and useful even when the

breakpoint’s date is unknown.

5.1.11 Summary

Categorical variables, which lack a natural numerical scale, cannot be
directly included in linear regression models designed to handle numerical
data. Dummy variables, also known as binary, indicator, or categorical
variables, provide a solution to this issue by encoding categorical
information into a format suitable for regression analysis. By assigning
values of 0 and 1 to represent the presence or absence of a particular
category, dummy variables act as a bridge between qualitative data and

quantitative models.

One of the primary applications of dummy variables is accounting
for the impact of categorical factors on the outcome variable of interest.
For instance, during periods of economic crises, the relationship between
gross domestic consumption and national income may shift due to external
forces. By creating a dummy variable that takes the value of 1 during crisis
years and 0 during normal years, researchers can incorporate the effect of

these episodes into their regression models.

Dummy variables can be employed to capture changes in either
the intercept or the slope of the regression line. If economic crises
are hypothesized to affect the level of autonomous consumption, the
dummy variable can be used to model a shift in the intercept parameter.
Alternatively, if the crises are expected to influence the marginal propensity
to consume, the dummy variable can be included as an interaction term

with the income variable, thereby moditying the slope parameter.

In addition to modeling economic events, dummy variables find
applications in various other contexts. They can be used to control for
seasonality in time series data, account for qualitative characteristics such
as gender and profession in consumption or demand models, and test for

interaction effects between categorical and continuous variables.

When dealing with categorical variables with more than two categories,
researchers must exercise caution to avoid the “dummy variable trap,” which
occurs when dummy variables are created for all possible states, leading

to exact multicollinearity. To circumvent this issue, it is recommended to
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create n — 1 dummy variables for a categorical variable with n categories,

where one category is designated as the reference level.

Dummy variables can be employed in conjunction with continuous
quantitative variables to investigate more complex relationships. For
instance, in a study examining the risk factors for cardiovascular events,
a dummy variable could be created to represent high blood pressure,
allowing researchers to assess its impact on the likelihood of experiencing
such events while controlling for other factors like age and cholesterol

levels.

An alternative approach to using dummy variables for detecting
structural changes in regression relationships across different samples or
time periods is the Chow test. While the Chow test provides an omnibus
test for the presence of a structural break, it does not pinpoint the specific
nature of the change. In contrast, the dummy variable approach offers
greater versatility by allowing researchers to identify whether the structural
change manifests as a shift in the intercept, a change in the slope, or the

presence of an interaction effect.

5.1.12 Keywords

Dummy Variables: Binary (0/1) variables used to represent categorical

data in regression models.

Categorical Variables: Variables that lack a natural numerical scale,

such as gender, profession, or industry type.

Intercept Dummy: A dummy variable used to model a shift in the

intercept of a regression line due to a categorical factor.

Slope Dummy: A dummy variable used as an interaction term to

model a change in the slope coefficient due to a categorical factor.

Dummy Variable Trap: The situation of exact multicollinearity that

arises when dummy variables are created for all categories of a variable.

Seasonal Dummies: Dummy variables used to control for seasonal

patterns or trends in time series data.

Interaction Variable: The product of a dummy variable and a
continuous variable, used to model interaction effects between

categorical and quantitative variables.
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Chow Test: A statistical test used to detect structural breaks or changes

in regression relationships across different samples or time periods.

Confounding Variables: Variables that can influence the relationship
between the dependent and independent variables, which need to be

controlled for using dummy variables.

Treatment Effects Model: A regression model that uses dummy
variables to represent both time (before and after treatment) and
group membership (treatment or control group) to study the effects of

a treatment or intervention.

5.1.13 Self-assessment Questions

1.

Explain the concept of a dummy variable and its use in regression
analysis. Provide an example from economics or finance where

dummy variables would be useful.

Discuss the interpretation of the coefficients associated with dummy
variables in a linear regression model. How does this interpretation

differ from that of coefficients associated with continuous variables?

What are the potential problems that can arise when using dummy

variables in a regression model? How can these problems be addressed?

Explain the concept of a base category when using dummy variables.
How is the base category chosen, and what are the implications of

this choice?

Discuss the use of interaction terms involving dummy variables in
regression analysis. Provide an example where such an interaction
term would be useful in understanding the relationship between

variables.

Explain the difference between using dummy variables as part of
the main effects and using them as part of an interaction effect in a
regression model. Provide an example from economics or finance

to illustrate your explanation.

Discuss the concept of dummy variable trap and how it can be avoided

when including multiple dummy variables in a regression model.

In what situations would you recommend using dummy variables
instead of continuous variables in a regression model? What are the

potential advantages and disadvantages of this approach?
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9.

10.

11.

Explain how the interpretation of a dummy variable coefficient
changes when the base category is changed. Provide an example to

illustrate your explanation.

Discuss the use of nested dummy variables in regression analysis.
When would this approach be useful, and what are the potential
limitations?

Consider the following data on housing prices (in thousands of

dollars) and various characteristics of houses in a city:

Price | Bedrooms | Bathrooms | Age Garage
485 3 3 13 0
457 3 1 17 1
475 3 2 10 0
461 2 3 26 0
393 2 3 27 1
489 4 3 9 0
480 2 2 7 1
361 4 3 29 0
363 5 2 25 1
490 5 1 13 0
426 5 3 20 0
474 4 3 8 0
324 5 3 28 1
451 2 2 26 0
302 2 1 25 0
403 4 2 18 0
413 4 3 16 0
319 5 1 8 1
419 4 1 23 1
413 4 3 22 0
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12.

13.

Price | Bedrooms | Bathrooms | Age Garage
473 4 2 29 0
385 4 1 25 1
448 3 1 24 1
378 5 3 11 0
471 4 2 13 1
474 2 3 28 0
326 5 2 22 1
445 5 2 8 1
417 3 2 22 0
315 2 2 30 1

Estimate a multiple regression model with the housing price as
the dependent variable and the other variables as independent
variables, including a dummy variable for the presence of a garage.

Test the significance of the garage dummy variable coefficient.

Using the same data from Question 11, estimate a regression
model that includes interaction terms between the garage dummy

variable and the number of bedrooms and bathrooms. Interpret the

coefficients of the interaction terms.

Consider the following data on weekly earnings (in dollars) and

various characteristics of individuals in a city:

Earnings | Education Experience | Gender
862 18 19 Male
653 15 9 Male
999 14 17 Female
664 18 14 Male
770 12 8 Male
739 13 19 Female
874 16 11 Male
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Earnings | Education Experience | Gender

924 18 19 Female

997 15 20 Female

654 13 9 Male

683 17 18 Male

704 20 17 Male

663 15 19 Female

636 16 11 Male

654 14 12 Female

836 14 9 Female

880 12 5 Male

632 18 17 Female

683 14 20 Male

908 15 18 Male

838 20 20 Male

883 12 20 Female

864 15 15 Female

843 18 9 Female

935 15 20 Female

977 16 14 Male

687 17 4 Male

670 17 14 Female

688 12 17 Female

942 16 8 Female
Estimate a multiple regression model with earnings as the dependent
variable and the other variables as independent variables, including
a dummy variable for gender. Test the significance of the gender
dummy variable coefficient.

220



14. Using the same data from Question 13, estimate a regression model

15.

that includes an interaction term between the gender dummy
variable and the education level. Interpret the coefficient of the

interaction term.

Consider the following data on stock returns (in percentage) and

various characteristics of companies:

Company | Return | Size Leverage | Industry

22 7 Large High Tech

7 16 Small Low Finance
12 13 Small Low Tech

20 7 Large Low Tech

29 17 Small High Finance
23 11 Large Low Finance
9 13 Large High Finance
13 12 Large Low Tech

3 15 Large High Finance
16 14 Small High Finance
17 18 Small Low Tech

25 20 Small High Tech

30 14 Large Low Manufacturing
26 18 Large High Finance
27 20 Small High Tech

11 8 Small Low Tech

14 6 Large High Finance
24 5 Small High Finance
4 5 Small Low Tech

6 10 Large Low Finance
2 8 Small Low Manufacturing
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16.

Company | Return | Size Leverage | Industry
10 8 Large Low Finance
19 5 Large High Tech
8 15 Small High Tech
1 12 Large High Tech
18 5 Large Low Manufacturing
28 5 Small High Manufacturing
5 10 Large High Manufacturing
21 12 Large High Finance
15 7 Small High Tech

Estimate a multiple regression model with stock returns as

the dependent variable and the other variables as independent

variables, including dummy variables for company size, leverage,

and industry. Test the joint significance of the industry dummy

variable coefficients.

Consider the following data on monthly sales (in thousands of

dollars) of a retail store and various factors:

Sales Promotion Season Location
123 0 Spring Suburban
199 1 Summer Urban
179 1 Summer Suburban
109 0 Winter Suburban
193 0 Winter Urban
100 0 Spring Urban
133 0 Winter Suburban
131 0 Summer Urban
166 1 Winter Urban
118 0 Fall Suburban
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17.

Sales Promotion Season Location
127 1 Winter Suburban
135 0 Spring Suburban
149 1 Winter Suburban
138 0 Fall Urban
111 0 Winter Urban
163 0 Winter Urban
181 1 Spring Suburban
155 1 Summer Suburban
161 1 Fall Urban
121 0 Fall Urban
109 0 Winter Suburban
161 0 Fall Suburban
135 0 Fall Urban
178 1 Summer Urban
108 0 Summer Urban
191 1 Winter Suburban
123 1 Winter Urban
129 1 Summer Urban
177 0 Fall Suburban
117 0 Fall Suburban

Estimate a multiple regression model with sales as the dependent
variable and the other variables as independent variables, including
dummy variables for promotion, season, and location. Test the

joint significance of the season dummy variable coefficients.

Using the same data from Question 16, estimate a regression model
that includes interaction terms between the promotion dummy

variable and the season dummy variables. Interpret the coefficients

of the interaction terms.
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18. Consider the following data on hourly wages (in dollars) and

various characteristics of employees in a firm:

Wage | Education | Experience | Gender | Department
32 22 11 Male Finance
22 19 15 Male Finance
34 20 5 Male Sales
25 20 4 Male Sales
20 17 11 Male Marketing
24 21 15 Female | Marketing
29 14 14 Male Marketing
22 15 15 Female | Marketing
24 18 7 Female | Marketing
32 22 14 Female Sales
32 21 13 Male Marketing
25 21 5 Female Finance
20 16 2 Female Finance
35 16 13 Male Finance
30 20 12 Male Marketing
21 17 13 Male Marketing
31 16 5 Male Sales
29 18 6 Female Marketing
35 18 2 Female Finance
32 18 9 Female Sales
33 19 8 Female Finance
35 15 4 Female Sales
20 21 13 Male Sales
30 18 9 Male Sales
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19.

20.

Wage | Education | Experience | Gender | Department
30 19 8 Male Sales
35 15 4 Female Sales
33 22 14 Female Finance
22 20 13 Male Finance
23 19 10 Female Finance
31 15 9 Female Marketing

Estimate a multiple regression model with wages as the dependent
variable and the other variables as independent variables, including

dummy variables for gender and department. Test the significance

of the gender dummy variable coefficient.

Using the same data from Question 18, estimate a regression model
that includes an interaction term between the gender dummy

variable and the experience level. Interpret the coefficient of the

interaction term.

Consider the following data on customer satisfaction scores (on a

scale of 1 to 10) and various characteristics of restaurants:

Satisfaction | Price Service Cuisine
5 Low Poor Italian
10 High Poor Mexican
7 Low Excellent Italian
8 High Poor Mexican
5 Low Good Chinese
7 High Excellent Mexican
6 High Good Italian
10 Low Good Chinese
7 Low Excellent Chinese
6 High Good Italian
5 Low Good Mexican
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Satisfaction | Price Service Cuisine
10 High Excellent French
8 Low Poor Italian
7 Low Good Italian
6 High Good Mexican
8 High Excellent Italian
10 High Good Mexican
9 High Poor Chinese
8 High Poor Italian
8 Low Good Italian
7 Low Poor French
10 Low Poor French
5 Low Excellent Italian
5 High Poor Mexican
9 High Excellent French
6 Low Excellent Chinese
9 Low Poor Italian
8 High Excellent French
9 High Good Mexican
6 Low Excellent Mexican

Estimate a multiple regression model with customer satisfaction
as the dependent variable and the other variables as independent
variables, including dummy variables for price, service, and

cuisine. Test the joint significance of the cuisine dummy variable

coefficients.
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5.1.14 References

1.

Econometric Analysis by William H. Greene (Pearson, 8th Edition,
2018) - A graduate-level textbook that provides in-depth treatment
of dummy variable models, interaction effects, and various

econometric techniques.

. Applied Econometrics by Dimitrios Asteriou and Stephen G.

Hall (Palgrave Macmillan, 4th Edition, 2022) - Covers the use of
dummy variables in various economic and financial applications,

with a focus on practical implementation and interpretation.

. Econometric Models and Economic Forecasts by Robert S.

Pindyck and Daniel L. Rubinfeld (McGraw-Hill Education, 9th
Edition, 2017) - Discusses the use of dummy variables in forecasting
models and time series analysis, as well as their applications in

policy evaluation.

Econometric Theory and Methods by Russell Davidson and James
G. MacKinnon (Oxford University Press, 2004) - A comprehensive
reference on econometric theory, including advanced topics related

to dummy variable models and structural change analysis.

. Econometric Analysis of Cross Section and Panel Data by

Jetfrey M. Wooldridge (MIT Press, 2010) - Focuses on the use of
dummy variables in cross-sectional and panel data analysis, with

applications in various fields of economics.

227

Notes



APPENDIX

Statistical Tables

1. Areas Under the Standard Normal Distribution Curve
[Pages 2 and 3]

2. Critical Values for the t-Distribution [Page 4]
3. Critical Values for the Distribution [Pages 5 to 11]
4. Critical Values for the F-Distribution [Pages 12 to 14]
5. Critical Values for the Durbin-Watson Test [Pages 15 to 20]
z |-000 |-0.01 [-0.02 |-0.03 |-0.04 |-0.05 |-0.06 |-0.07 |-0.08 |-0.09

-4.0 | 0.00003 | 0.00003 | 0.00003 | 0.00003 | 0.00003 | 0.00003 | 0.00002 | 0.00002 | 0.00002 | 0.00002

-3.9 (0.00005 | 0.00005 | 0.00004 | 0.00004 | 0.00004 | 0.00004 | 0.00004 | 0.00004 | 0.00003 | 0.00003

-3.8 [ 0.00007 | 0.00007 | 0.00007 | 0.00006 | 0.00006 | 0.00006 | 0.00006 | 0.00005 | 0.00005 | 0.00005

-3.7 10.00011 | 0.00010 | 0.00010 | 0.00010 | 0.00009 | 0.00009 | 0.00008 | 0.00008 | 0.00008 | 0.00008

-3.6 | 0.00016 | 0.00015 | 0.00015 | 0.00014 | 0.00014 | 0.00013 | 0.00013 | 0.00012 | 0.00012 | 0.00011

-3.5(0.00023 | 0.00022 | 0.00022 | 0.00021 | 0.00020 | 0.00019 | 0.00019 | 0.00018 | 0.00017 | 0.00017

—-3.40.00034 | 0.00032 | 0.00031 | 0.00030 | 0.00029 | 0.00028 | 0.00027 | 0.00026 | 0.00025 | 0.00024

—-3.30.00048 | 0.00047 | 0.00045 | 0.00043 | 0.00042 | 0.00040 | 0.00039 | 0.00038 | 0.00036 | 0.00035

—-3.210.00069 | 0.00066 | 0.00064 | 0.00062 | 0.00060 | 0.00058 | 0.00056 | 0.00054 | 0.00052 | 0.00050

—-3.10.00097 | 0.00094 | 0.00090 | 0.00087 | 0.00084 | 0.00082 | 0.00079 | 0.00076 | 0.00074 | 0.00071

-3.00.00135]0.00131 | 0.00126 | 0.00122 | 0.00118 | 0.00114 | 0.00111 | 0.00107 | 0.00104 | 0.00100

-2.910.00187|0.00181 | 0.00175 | 0.00169 | 0.00164 | 0.00159 | 0.00154 | 0.00149 | 0.00144 | 0.00139

—-2.810.00256 | 0.00248 | 0.00240 | 0.00233 | 0.00226 | 0.00219 | 0.00212 | 0.00205 | 0.00199 | 0.00193

—2.710.00347 | 0.00336 | 0.00326 | 0.00317 | 0.00307 | 0.00298 | 0.00289 | 0.00280 | 0.00272 | 0.00264

—-2.6 | 0.00466 | 0.00453 | 0.00440 | 0.00427 | 0.00415 | 0.00402 | 0.00391 | 0.00379 | 0.00368 | 0.00357

—-2.510.00621 | 0.00604 | 0.00587 | 0.00570 | 0.00554 | 0.00539 | 0.00523 | 0.00508 | 0.00494 | 0.00480

—2.4{0.00820 | 0.00798 | 0.00776 | 0.00755 | 0.00734 | 0.00714 | 0.00695 | 0.00676 | 0.00657 | 0.00639

-2.310.01072|0.01044 | 0.01017 | 0.00990 | 0.00964 | 0.00939 | 0.00914 | 0.00889 | 0.00866 | 0.00842

-2.210.01390 | 0.01355 | 0.01321 | 0.01287 | 0.01255 | 0.01222 | 0.01191 | 0.01160 | 0.01130 | 0.01101

—-2.1{0.01786 | 0.01743 { 0.01700 [ 0.01659 | 0.01618 [ 0.01578 | 0.01539 | 0.01500 | 0.01463 | 0.01426

-2.00.02275 | 0.02222 | 0.02169 | 0.02118 | 0.02068 | 0.02018 | 0.01970 | 0.01923 | 0.01876 | 0.01831

—-1.910.02872 | 0.02807 | 0.02743 | 0.02680 | 0.02619 | 0.02559 | 0.02500 | 0.02442 | 0.02385 | 0.02330

—1.8{0.03593 | 0.03515 | 0.03438 | 0.03362 | 0.03288 | 0.03216 | 0.03144 | 0.03074 | 0.03005 | 0.02938

—-1.70.04457 | 0.04363 | 0.04272 | 0.04182 | 0.04093 | 0.04006 | 0.03920 | 0.03836 | 0.03754 | 0.03673

—-1.6 | 0.05480 | 0.05370 | 0.05262 | 0.05155 | 0.05050 | 0.04947 | 0.04846 | 0.04746 | 0.04648 | 0.04551
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—1.5(0.06681 | 0.06552 | 0.06426 | 0.06301 | 0.06178 | 0.06057 | 0.05938 | 0.05821 | 0.05705 | 0.05592
—1.4 | 0.08076 | 0.07927 | 0.07780 | 0.07636 | 0.07493 | 0.07353 | 0.07215 | 0.07078 | 0.06944 | 0.06811
—1.30.09680 [ 0.09510 | 0.09342 | 0.09176 | 0.09012 | 0.08851 | 0.08692 | 0.08534 | 0.08379 | 0.08226
-1.2(0.11507 [ 0.11314 | 0.11123 | 0.10935 | 0.10749 | 0.10565 | 0.10383 | 0.10204 | 0.10027 | 0.09853
—1.10.13567 | 0.13350 | 0.13136 | 0.12924 | 0.12714 | 0.12507 | 0.12302 | 0.12100 | 0.11900 | 0.11702
—1.0|0.15866 | 0.15625 | 0.15386 | 0.15151 | 0.14917 | 0.14686 | 0.14457 | 0.14231 | 0.14007 | 0.13786
—0.9 (0.18406 | 0.18141 | 0.17879 | 0.17619 | 0.17361 | 0.17106 | 0.16853 | 0.16602 | 0.16354 | 0.16109
—0.8 (0.21186 | 0.20897 | 0.20611 | 0.20327 | 0.20045 | 0.19766 | 0.19489 | 0.19215 | 0.18943 | 0.18673
—0.710.24196 | 0.23885 | 0.23576 | 0.23270 | 0.22965 | 0.22663 | 0.22363 | 0.22065 | 0.21770 | 0.21476
—0.6 | 0.27425 | 0.27093 | 0.26763 | 0.26435 | 0.26109 | 0.25785 | 0.25463 | 0.25143 | 0.24825 | 0.24510
—0.5(0.30854 | 0.30503 | 0.30153 | 0.29806 | 0.29460 | 0.29116 | 0.28774 | 0.28434 | 0.28096 | 0.27760
—0.4|0.34458 | 0.34090 | 0.33724 | 0.33360 | 0.32997 | 0.32636 | 0.32276 | 0.31918 | 0.31561 | 0.31207
—-0.3(0.38209 | 0.37828 | 0.37448 | 0.37070 | 0.36693 | 0.36317 | 0.35942 | 0.35569 | 0.35197 | 0.34827
—0.2(0.42074 | 0.41683 | 0.41294 | 0.40905 | 0.40517 | 0.40129 | 0.39743 | 0.39358 | 0.38974 | 0.38591
—0.1|0.46017 | 0.45620 | 0.45224 | 0.44828 | 0.44433 | 0.44038 | 0.43644 | 0.43251 | 0.42858 | 0.42465
—0.0 | 0.50000 | 0.49601 | 0.49202 | 0.48803 | 0.48405 | 0.48006 | 0.47608 | 0.47210 | 0.46812 | 0.46414
z 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 |0.50000 |0.50399 |0.50798 | 0.51197 | 0.51595 | 0.51994 | 0.52392 | 0.52790 | 0.53188 | 0.53586
0.1 |0.53983 [0.54380 | 0.54776 | 0.55172 | 0.55567 | 0.55962 | 0.56360 | 0.56749 | 0.57142 | 0.57535
0.2 ]0.57926 (0.58317 | 0.58706 | 0.59095 | 0.59483 | 0.59871 | 0.60257 | 0.60642 | 0.61026 | 0.61409
0.3 |0.61791 |0.62172 | 0.62552 | 0.62930 | 0.63307 | 0.63683 | 0.64058 | 0.64431 | 0.64803 | 0.65173
0.4 |0.65542 | 0.65910 | 0.66276 | 0.66640 | 0.67003 | 0.67364 | 0.67724 | 0.68082 | 0.68439 | 0.68793
0.5 |0.69146 | 0.69497 | 0.69847 | 0.70194 | 0.70540 | 0.70884 | 0.71226 | 0.71566 | 0.71904 | 0.72240
0.6 |0.72575(0.72907 | 0.73237 | 0.73565 | 0.73891 | 0.74215 | 0.74537 | 0.74857 | 0.75175 | 0.75490
0.7 10.75804 [ 0.76115 | 0.76424 | 0.76730 | 0.77035 | 0.77337 | 0.77637 | 0.77935 | 0.78230 | 0.78524
0.8 |0.78814 [0.79103 | 0.79389 | 0.79673 | 0.79955 | 0.80234 | 0.80511 | 0.80785 | 0.81057 | 0.81327
0.9 |0.81594|0.81859 |0.82121 | 0.82381 | 0.82639 | 0.82894 | 0.83147 | 0.83398 | 0.83646 | 0.83891
1.0 [0.84134 (0.84375 | 0.84614 | 0.84849 | 0.85083 | 0.85314 | 0.85543 | 0.85769 | 0.85993 | 0.86214
1.1 |0.86433 [ 0.86650 | 0.86864 |0.87076 [ 0.87286 | 0.87493 | 0.87698 | 0.87900 | 0.88100 | 0.88298
1.2 |0.88493 [ 0.88686 | 0.88877 | 0.89065 | 0.89251 | 0.89435 | 0.89617 | 0.89796 | 0.89973 | 0.90147
1.3 [0.90320 [ 0.90490 | 0.90658 | 0.90824 | 0.90988 [ 0.91149 |0.91308 | 0.91466 | 0.91621 | 0.91774
1.4 [0.91924 (0.92073 | 0.92220 [ 0.92364 | 0.92507 | 0.92647 | 0.92785 | 0.92922 | 0.93056 | 0.93189
1.5 [0.93319 (0.93448 [ 0.93574 | 0.93699 | 0.93822 | 0.93943 | 0.94062 | 0.94179 | 0.94295 | 0.94408
1.6 [0.94520 [ 0.94630 | 0.94738 | 0.94845 | 0.94950 | 0.95053 | 0.95154 | 0.95254 | 0.95352 | 0.95449
1.7 [0.95543 [0.95637 | 0.95728 | 0.95818 [ 0.95907 | 0.95994 | 0.96080 | 0.96164 | 0.96246 | 0.96327
1.8 |0.96407 | 0.96485 | 0.96562 | 0.96638 | 0.96712 | 0.96784 | 0.96856 | 0.96926 | 0.96995 | 0.97062
1.9 [0.97128 [0.97193 [ 0.97257 [ 0.97320 [ 0.97381 | 0.97441 | 0.97500 | 0.97558 | 0.97615 | 0.97670
2.0 |0.9772510.97778 |1 0.97831 | 0.97882 | 0.97932 | 0.97982 | 0.98030 | 0.98077 | 0.98124 | 0.98169
2.1 [0.98214 |0.98257 | 0.98300 | 0.98341 | 0.98382 | 0.98422 | 0.98461 | 0.98500 | 0.98537 |0.98574
2.2 0.98610 |0.98645|0.98679 |0.98713 | 0.98745 | 0.98778 | 0.98809 | 0.98840 | 0.98870 | 0.98899
2.3 0.98928 | 0.98956 | 0.98983 | 0.99010 | 0.99036 | 0.99061 | 0.99086 | 0.99111 | 0.99134 | 0.99158
2.4 |0.99180 [ 0.99202 | 0.99224 [ 0.99245 | 0.99266 | 0.99286 | 0.99305 | 0.99324 | 0.99343 | 0.99361
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2.5 10.9937910.99396 | 0.99413 | 0.99430 | 0.99446 | 0.99461 | 0.99477 | 0.99492 | 0.99506 | 0.99520
2.6 [0.99534 [0.99547 | 0.99560 | 0.99573 | 0.99585 | 0.99598 | 0.99609 | 0.99621 | 0.99632 | 0.99643
2.7 10.99653 | 0.99664 | 0.99674 | 0.99683 | 0.99693 | 0.99702 | 0.99711 | 0.99720 | 0.99728 | 0.99736
2.8 10.99744 10.99752 | 0.99760 | 0.99767 | 0.99774 | 0.99781 | 0.99788 | 0.99795 | 0.99801 | 0.99807
2.9 ]0.99813 [0.99819 |0.99825 |0.99831 | 0.99836 | 0.99841 | 0.99846 | 0.99851 | 0.99856 | 0.99861
3.0 ]0.99865 |0.99869 |0.99874 | 0.99878 | 0.99882 | 0.99886 | 0.99889 | 0.99893 | 0.99896 | 0.99900
3.1 |0.99903 | 0.99906 | 0.99910 | 0.99913 | 0.99916 | 0.99918 | 0.99921 | 0.99924 | 0.99926 | 0.99929
3.2 10.99931 [ 0.99934 | 0.99936 | 0.99938 | 0.99940 | 0.99942 | 0.99944 | 0.99946 | 0.99948 | 0.99950
3.3 10.99952|0.99953 | 0.99955 | 0.99957 | 0.99958 | 0.99960 | 0.99961 | 0.99962 | 0.99964 | 0.99965
3.4 ]0.99966 | 0.99968 | 0.99969 | 0.99970 | 0.99971 | 0.99972 | 0.99973 | 0.99974 | 0.99975 | 0.99976
3.5 [0.99977 10.99978 |0.99978 | 0.99979 | 0.99980 | 0.99981 | 0.99981 | 0.99982 | 0.99983 | 0.99983
3.6 |0.99984 |0.99985 | 0.99985 | 0.99986 | 0.99986 | 0.99987 | 0.99987 | 0.99988 | 0.99988 | 0.99989
3.7 10.99989 [ 0.99990 | 0.99990 | 0.99990 | 0.99991 | 0.99991 | 0.99992 | 0.99992 | 0.99992 | 0.99992
3.8 [0.99993 [0.99993 | 0.99993 | 0.99994 | 0.99994 | 0.99994 | 0.99994 | 0.99995 | 0.99995 | 0.99995
3.9 10.99995|0.99995 | 0.99996 | 0.99996 | 0.99996 | 0.99996 | 0.99996 | 0.99996 | 0.99997 | 0.99997
4.0 0.99997 [0.99997 |0.99997 | 0.99997 | 0.99997 | 0.99997 | 0.99998 | 0.99998 | 0.99998 | 0.99998
One-sided | 75% |80% |85% |90% |95% |97.50% |99% 99.50% | 99.75% | 99.90% | 99.95%
Two-sided | 50% |60% |70% |80% |90% |95% 98% 99% 99.50% |99.80% | 99.90%
1 1.000 [ 1.376 | 1.963 | 3.078 | 6.314 | 12.706 |31.821 [63.657 |127.321 |318.309 |636.619
2 0.816 | 1.061 [ 1.386 | 1.886 | 2.920 | 4.303 | 6.965 |[9.925 14.089 |22.327 |31.599
3 0.76510.978 |1.250 | 1.638 | 2.353 [ 3.182 | 4.541 |5.841 7.453 10.215 |[12.924
4 0.74110.941[1.190 | 1.533 {2.1322.776 |3.747 [4.604 |5.598 7.173 8.610
5 0.72710.920 [ 1.156 | 1.476 | 2.015 | 2.571 3.365 [4.032 [4.773 5.893 6.869
6 0.718 10.906 | 1.134 | 1.440 | 1.943 | 2.447 |3.143 |3.707 |4.317 5.208 5.959
7 0.71110.896 [ 1.119 | 1.415 [ 1.895[2.365 |2.998 [3.499 |[4.029 4.785 5.408
8 0.706 {0.889 [ 1.108 | 1.397 [ 1.860 | 2.306 | 2.896 |[3.355 [3.833 4.501 5.041
9 0.7030.8831.100 | 1.383 [ 1.833 [ 2.262 |2.821 [3.250 |3.690 4.297 4.781
10 0.700 {0.879(1.093 {1.372{1.812|2.228 |2.764 |[3.169 |3.581 4.144 4.587
11 0.697|0.876 | 1.088 | 1.363 | 1.796 | 2.201 2.718 [3.106 |3.497 4.025 4.437
12 0.695|0.873|1.083 | 1.356 | 1.78212.179 |2.681 |[3.055 |3.428 3.930 4.318
13 0.694 {0.870 {1.0791.350 | 1.771 | 2.160 |2.650 |[3.012 |3.372 3.852 4.221
14 0.692 {0.868 | 1.076 | 1.345 [ 1.761 | 2.145 |2.624 |[2.977 |3.326 3.787 4.140
15 0.691|0.866|1.074|1.341 | 1.753 [ 2.131 | 2.602 |[2.947 |3.286 3.733 4.073
16 0.690 [ 0.865 | 1.071 [ 1.337 | 1.746 | 2.120 | 2.583 |[2.921 3.252 3.686 4.015
17 0.689 [ 0.863 [ 1.069 [ 1.333 {1.740 [ 2.110 | 2.567 [2.898 |[3.222 3.646 3.965
18 0.688 |0.862|1.067 | 1.330 | 1.734 | 2.101 2.552 |2.878 |3.197 3.610 3.922
19 0.688 [ 0.861 [ 1.066 | 1.328 [ 1.729 (2.093 |2.539 [2.861 3.174 3.579 3.883
20 0.687 [ 0.860 | 1.064 | 1.325[1.725[2.086 |2.528 [2.845 |[3.153 3.552 3.850
21 0.6860.859|1.063 | 1.323 | 1.721 {2.080 |2.518 |2.831 3.135 3.527 3.819
22 0.686|0.858 | 1.061 | 1.321|1.717 | 2.074 |2.508 |2.819 |[3.119 3.505 3.792
23 0.685(0.858 [1.060 | 1.319 | 1.714 | 2.069 |2.500 |[2.807 |3.104 3.485 3.767
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24 0.6850.857|1.059 [ 1.318 | 1.711 | 2.064 [2.492 |2.797 |3.091 3.467 3.745
25 0.6840.856 | 1.058 | 1.316 [ 1.708 | 2.060 |2.485 |2.787 [3.078 3.450 3.725
26 0.684 0.856 | 1.058 | 1.315 | 1.706 | 2.056  [2.479 |2.779 |3.067 3.435 3.707
27 0.684|0.855|1.057 [ 1.314 | 1.703 [ 2.052 | 2.473 |2.771 3.057 3.421 3.690
28 0.683|0.855|1.056 [ 1.313 [ 1.701 [ 2.048 |2.467 |2.763 |3.047 3.408 3.674
29 0.6830.854 [ 1.055|1.311 [ 1.699 | 2.045 |2.462 |2.756 [3.038 3.396 3.659
30 0.683|0.854|1.055[1.310 [ 1.697 | 2.042 |2.457 |2.750 [3.030 3.385 3.646
40 0.681|0.851|1.050 | 1.303 | 1.684 | 2.021 2.423 2704 |2971 3.307 3.551
50 0.679(0.849 | 1.047 | 1.299 [ 1.676 | 2.009 |2.403 |2.678 [2.937 3.261 3.496
60 0.679|0.848 | 1.045 [ 1.296 [ 1.671 [ 2.000 [2.390 |2.660 |[2.915 3.232 3.460
80 0.678 | 0.846 | 1.043 [ 1.292 [ 1.664 | 1.990 |2.374 |2.639 |[2.887 3.195 3.416
100 0.6770.845|1.042 {1.290 | 1.660 | 1.984 |2.364 |[2.626 |2.871 3.174 3.390
120 0.677|0.845|1.041 | 1.289 [ 1.658 {1.980 |2.358 |2.617 |2.860 3.160 3.373
o 0.6740.842|1.036 | 1.282 [ 1.645[1.960 |2.326 |2.576 |2.807 3.090 3.291
One-sided | 75% | 80% |85% |90% |95% |97.50% |99% 99.50% | 99.75% | 99.90% | 99.95%
Two-sided | 50% |60% |70% [80% |90% |95% 98% 99% 99.50% | 99.80% | 99.90%
P
DF | 0.995 0.975 0.2 0.1 0.05 0.025 |0.02 0.01 0.005 |0.002 |0.001
1 |0.0000393|0.000982 |1.642 |2.706 |3.841 |5.024 |5.412 [6.635 |7.879 |[9.55 10.828
2 10.01 0.0506 3.219 [4.605 |5991 |7.378 |7.824 |9.21 10.597 [ 12.429 | 13.816
3 (0.0717 0.216 4.642 |6.251 |7.815 |9.348 |9.837 |11.345|12.838 |14.796 | 16.266
4 10.207 0.484 5989 [7.779 |9.488 |[11.143 |11.668 [13.277 |14.86 |16.924 |18.467
5 10412 0.831 7.289 [9.236 |11.07 |[12.833|13.388 [15.086 |16.75 |18.907 |20.515
6 |0.676 1.237 8.558 |10.645 |12.592 | 14.449 |15.033 | 16.812 | 18.548 | 20.791 |22.458
7 10.989 1.69 9.803 [12.017 | 14.067 | 16.013 | 16.622 | 18.475 |20.278 |22.601 |24.322
8 [1.344 2.18 11.03 |13.362 [ 15.507 |17.535 | 18.168 | 20.09 |21.955 |24.352 |26.124
9 |1.735 2.7 12.242 | 14.684 [ 16.919 | 19.023 | 19.679 | 21.666 |23.589 | 26.056 |27.877
10 |2.156 3.247 13.442 | 15.987 [ 18.307 | 20.483 |21.161 |23.209 |25.188 |27.722 | 29.588
11 |2.603 3.816 14.631 | 17.275 | 19.675 | 21.92 | 22.618 | 24.725 | 26.757 | 29.354 | 31.264
12 [3.074 4.404 15.812 [ 18.549 | 21.026 | 23.337 | 24.054 | 26.217 | 28.3 30.957 | 32.909
13 |3.565 5.009 16.985 [ 19.812 | 22.362 | 24.736 | 25.472 | 27.688 | 29.819 | 32.535 | 34.528
14 |4.075 5.629 18.151 | 21.064 | 23.685 [ 26.119 | 26.873 [ 29.141 | 31.319 | 34.091 | 36.123
15 [4.601 6.262 19.311 | 22.307 | 24.996 | 27.488 | 28.259 | 30.578 | 32.801 | 35.628 | 37.697
16 |5.142 6.908 20.465 [ 23.542 | 26.296 | 28.845 | 29.633 | 32 34.267 | 37.146 | 39.252
17 |5.697 7.564 21.615 [24.769 | 27.587 | 30.191 | 30.995 | 33.409 | 35.718 | 38.648 | 40.79
18 |6.265 8.231 22.76 |25.989 |28.869 | 31.526 |32.346 | 34.805 | 37.156 | 40.136 |42.312
19 |6.844 8.907 23.9 27.204 | 30.144 |32.852 | 33.687 | 36.191 | 38.582 |41.61 |43.82
20 |7.434 9.591 25.038 |28.412 (31.41 |34.17 |35.02 |37.566 |39.997 |43.072 |45.315
21 |8.034 10.283 26.171 |129.615 | 32.671 | 35.479 | 36.343 | 38.932 [ 41.401 | 44.522 | 46.797
22 |8.643 10.982 27.301 [ 30.813 | 33.924 | 36.781 | 37.659 [ 40.289 | 42.796 | 45.962 | 48.268
23 19.26 11.689 28.429 | 32.007 | 35.172 | 38.076 | 38.968 [ 41.638 | 44.181 | 47.391 | 49.728
24 |9.886 12.401 29.553 | 33.196 | 36.415 | 39.364 | 40.27 |42.98 |45.559 |48.812 |51.179
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25 10.52 13.12 30.675 | 34.382 | 37.652 | 40.646 | 41.566 | 44.314 | 46.928 | 50.223 | 52.62
26 11.16 13.844 | 31.795 |35.563 | 38.885 | 41.923 | 42.856 | 45.642 | 48.29 |51.627 |54.052
27 11.808 |14.573 32.912 [ 36.741 | 40.113 [ 43.195 | 44.14 |46.963 | 49.645 | 53.023 |55.476
28 12.461 |15.308 34.027 [ 37.916 | 41.337 | 44.461 | 45.419 | 48.278 | 50.993 | 54.411 |56.892
29 13.121 | 16.047 35.139 [ 39.087 | 42.557 | 45.722 | 46.693 | 49.588 | 52.336 | 55.792 |58.301
30 13.787 |16.791 36.25 |40.256 |43.773 | 46.979 | 47.962 | 50.892 | 53.672 | 57.167 |59.703
31 14.458 |17.539 [37.359 | 41.422 | 44.985 | 48.232 | 49.226 | 52.191 | 55.003 | 58.536 |61.098
32 15.134 | 18.291 38.466 | 42.585 | 46.194 | 49.48 |50.487 | 53.486 | 56.328 | 59.899 |62.487
33 15.815 [19.047 |39.572 |43.745 |47.4 50.725 | 51.743 | 54.776 | 57.648 | 61.256 |63.87
34 16.501 [19.806 |40.676 |44.903 |48.602 | 51.966 | 52.995 | 56.061 | 58.964 | 62.608 |65.247
35 17.192  [20.569 |41.778 | 46.059 | 49.802 | 53.203 | 54.244 | 57.342 | 60.275 [ 63.955 |66.619
36 17.887 [21.336 | 42.879 [47.212|50.998 | 54.437 | 55.489 | 58.619 | 61.581 | 65.296 |67.985
37 18.586 |22.106 [43.978 |48.363 | 52.192 | 55.668 | 56.73 |59.893 | 62.883 | 66.633 |69.346
38 19.289 [22.878 [45.076 |49.513 | 53.384 | 56.896 | 57.969 | 61.162 | 64.181 | 67.966 |70.703
39 19.996 |23.654 [46.173 |50.66 |54.572|58.12 |59.204 |62.428 | 65.476 |69.294 |72.055
40 20.707 | 24.433 47.269 | 51.805 | 55.758 | 59.342 | 60.436 | 63.691 | 66.766 | 70.618 |73.402
P
DF | 0995 | 0.975| 0.2 0.1 0.05 0.025 0.02 0.01 0.005 0.002 0.001
41 | 21.421 |25.215|48.363 | 52.949| 56.942 | 60.561 | 61.665 | 64.95 | 68.053 | 71.938 | 74.745
42 | 22.138 [25.999|49.456 | 54.09 | 58.124 | 61.777 | 62.892 | 66.206 | 69.336 | 73.254 | 76.084
43 | 22.859 |26.785|50.548 | 55.23 | 59.304 | 62.99 | 64.116 | 67.459 | 70.616 | 74.566 | 77.419
44 | 23.584 |27.575|51.639|56.369 | 60.481 | 64.201 | 65.337 | 68.71 | 71.893 | 75.874 78.75
45 | 24.311 |28.366|52.729 |57.505| 61.656 | 65.41 | 66.555 | 69.957 | 73.166 | 77.179 | 80.077
46 | 25.041 | 29.16 |53.818 | 58.641| 62.83 | 66.617 | 67.771 | 71.201 | 74.437 | 78.481 81.4
47 | 25.775 |29.956 | 54.906 | 59.774 | 64.001 | 67.821 | 68.985 | 72.443 | 75.704 | 79.78 82.72
48 | 26.511 |30.755|55.993 | 60.907 | 65.171 | 69.023 | 70.197 | 73.683 | 76.969 | 81.075 | 84.037
49 | 27.249 |31.555|57.079 | 62.038 | 66.339 | 70.222 | 71.406 | 74.919 | 78.231 | 82.367 | 85.351
50 | 27.991 [32.357|58.164 | 63.167 | 67.505 | 71.42 | 72.613 | 76.154 | 79.49 | 83.657 | 86.661
51| 28.735 [33.162|59.248 | 64.295| 68.669 | 72.616 | 73.818 | 77.386 | 80.747 | 84.943 | 87.968
52 | 29.481 |33.968|60.332|65.422| 69.832 | 73.81 | 75.021 | 78.616 | 82.001 | 86.227 | 89.272
53| 30.23 [34.776|61.414 | 66.548 | 70.993 | 75.002 | 76.223 | 79.843 | 83.253 | 87.507 | 90.573
54 | 30.981 |35.586|62.496 |67.673| 72.153 | 76.192 | 77.422 | 81.069 | 84.502 | 88.786 | 91.872
55 | 31.735 [36.398|63.577 | 68.796 | 73.311 | 77.38 | 78.619 | 82.292 | 85.749 | 90.061 | 93.168
56 | 32.49 [37.212|64.658|69.919 | 74.468 | 78.567 | 79.815 | 83.513 | 86.994 | 91.335 | 94.461
57 | 33.248 |38.027|65.737 | 71.04 | 75.624 | 79.752 | 81.009 | 84.733 | 88.236 | 92.605 | 95.751
58 | 34.008 |38.844|66.816| 72.16 | 76.778 | 80.936 | 82.201 | 85.95 | 89.477 | 93.874 | 97.039
59 | 34.77 [39.662|67.894|73.279| 77.931 | 82.117 | 83.391 | 87.166 | 90.715 | 95.14 98.324
60 | 35.534 |40.482|68.972|74.397 | 79.082 | 83.298 | 84.58 | 88.379 | 91.952 | 96.404 | 99.607
61 | 36.301 |41.303|70.049 |75.514 | 80.232 | 84.476 | 85.767 | 89.591 | 93.186 | 97.665 | 100.888
62 | 37.068 |42.126|71.125| 76.63 | 81.381 | 85.654 | 86.953 | 90.802 | 94.419 | 98.925 | 102.166
63 | 37.838 | 42.95 | 72.201|77.745| 82.529 | 86.83 | 88.137 | 92.01 | 95.649 | 100.182 | 103.442
64 | 38.61 |43.776|73.276| 78.86 | 83.675 | 88.004 | 89.32 | 93.217 | 96.878 | 101.437 | 104.716
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65

39.383

44.603 | 74.351

79.973

84.821

89.177

90.501

94.422

98.105

102.691 | 105.988

66

40.158

45.431|75.424

81.085

85.965

90.349

91.681

95.626

99.33

103.942 | 107.258

67

40.935

46.261 | 76.498

82.197

87.108

91.519

92.86

96.828

100.554

105.192 | 108.526

68

41.713

47.092 | 77.571

83.308

88.25

92.689

94.037

98.028

101.776

106.44 | 109.791

69

42.494

47.924 | 78.643

84.418

89.391

93.856

95.213

99.228

102.996

107.685 | 111.055

70

43.275

48.758 | 79.715

85.527

90.531

95.023

96.388

100.425

104.215

108.929 | 112.317

71

44.058

49.592 | 80.786

86.635

91.67

96.189

97.561

101.621

105.432

110.172 | 113.577

72

44.843

50.428 | 81.857

87.743

92.808

97.353

98.733

102.816

106.648

111.412 | 114.835

73

45.629

51.265 | 82.927

88.85

93.945

98.516

99.904

104.01

107.862

112.651 | 116.092

74

46.417

52.103 | 83.997

89.956

95.081

99.678

101.074

105.202

109.074

113.889 | 117.346

75

47.206

52.942 | 85.066

91.061

96.217

100.839

102.243

106.393

110.286

115.125 | 118.599

76

47.997

53.782|86.135

92.166

97.351

101.999

103.41

107.583

111.495

116.359 | 119.85

77

48.788

54.623 | 87.203

93.27

98.484

103.158

104.576

108.771

112.704

117.591 1211

78

49.582

55.466 | 88.271

94.374

99.617

104.316

105.742

109.958

113.911

118.823 | 122.348

79

50.376

56.309 | 89.338

95.476

100.749

105.473

106.906

111.144

115.117

120.052 | 123.594

80

51.172

57.153 | 90.405

96.578

101.879

106.629

108.069

112.329

116.321

121.28 | 124.839

P

DF

0.995

0.975

0.2

0.1

0.05

0.025

0.02

0.01

0.005

0.002

0.001

81

51.969

57.998

91.472

97.68

103.01

107.783

109.232

113.512

117.524

122.507

126.083

82

52.767

58.845

92.538

98.78

104.139

108.937

110.393

114.695

118.726

123.733

127.324

83

53.567

59.692

93.604

99.88

105.267

110.09

111.553

115.876

119.927

124.957

128.565

84

54.368

60.54

94.669

100.98

106.395

111.242

112.712

117.057

121.126

126.179

129.804

85

55.17

61.389

95.734

102.079

107.522

112.393

113.871

118.236

122.325

127.401

131.041

86

55.973

62.239

96.799

103.177

108.648

113.544

115.028

119.414

123.522

128.621

132.277

87

56.777

63.089

97.863

104.275

109.773

114.693

116.184

120.591

124.718

129.84

133.512

88

57.582

63.941

98.927

105.372

110.898

115.841

117.34

121.767

125.913

131.057

134.745

89

58.389

64.793

99.991

106.469

112.022

116.989

118.495

122.942

127.106

132.273

135.978

90

59.196

65.647

101.054

107.565

113.145

118.136

119.648

124.116

128.299

133.489

137.208

91

60.005

66.501

102.117

108.661

114.268

119.282

120.801

125.289

129.491

134.702

138.438

92

60.815

67.356

103.179

109.756

115.39

120.427

121.954

126.462

130.681

135.915

139.666

93

61.625

68.211

104.241

110.85

116.511

121.571

123.105

127.633

131.871

137.127

140.893

94

62.437

69.068

105.303

111.944

117.632

122.715

124.255

128.803

133.059

138.337

142.119

95

63.25

69.925

106.364

113.038

118.752

123.858

125.405

129.973

134.247

139.546

143.344

96

64.063

70.783

107.425

114.131

119.871

125

126.554

131.141

135.433

140.755

144.567

97

64.878

71.642

108.486

115.223

120.99

126.141

127.702

132.309

136.619

141.962

145.789

98

65.694

72.501

109.547

116.315

122.108

127.282

128.849

133.476

137.803

143.168

147.01

99

66.51

73.361

110.607

117.407

123.225

128.422

129.996

134.642

138.987

144.373

148.23

100

67.328

74.222

111.667

118.498

124.342

129.561

131.142

135.807

140.169

145.577

149.449

101

68.146

75.083

112.726

119.589

125.458

130.7

132.287

136.971

141.351

146.78

150.667

102

68.965

75.946

113.786

120.679

126.574

131.838

133.431

138.134

142.532

147.982

151.884
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103

69.785

76.809

114.845

121.769

127.689

132.975

134.575

139.297

143.712

149.183

153.099

104

70.606

77.672

115.903

122.858

128.804

134.111

135.718

140.459

144.891

150.383

154.314

105

71.428

78.536

116.962

123.947

129.918

135.247

136.86

141.62

146.07

151.582

155.528

106

72.251

79.401

118.02

125.035

131.031

136.382

138.002

142.78

147.247

152.78

156.74

107

73.075

80.267

119.078

126.123

132.144

137.517

139.143

143.94

148.424

153.977

157.952

108

73.899

81.133

120.135

127.211

133.257

138.651

140.283

145.099

149.599

155.173

159.162

109

74.724

82

121.192

128.298

134.369

139.784

141.423

146.257

150.774

156.369

160.372

110

75.55

82.867

122.25

129.385

135.48

140.917

142.562

147.414

151.948

157.563

161.581

111

76.377

83.735

123.306

130.472

136.591

142.049

143.7

148.571

153.122

158.757

162.788

112

77.204

84.604

124.363

131.558

137.701

143.18

144.838

149.727

154.294

159.95

163.995

113

78.033

85.473

125.419

132.643

138.811

144.311

145.975

150.882

155.466

161.141

165.201

114

78.862

86.342

126.475

133.729

139.921

145.441

147.111

152.037

156.637

162.332

166.406

115

79.692

87.213

127.531

134.813

141.03

146.571

148.247

153.191

157.808

163.523

167.61

116

80.522

88.084

128.587

135.898

142.138

147.7

149.383

154.344

158.977

164.712

168.813

117

81.353

88.955

129.642

136.982

143.246

148.829

150.517

155.496

160.146

165.9

170.016

118

82.185

89.827

130.697

138.066

144.354

149.957

151.652

156.648

161.314

167.088

171.217

119

83.018

90.7

131.752

139.149

145.461

151.084

152.785

157.8

162.481

168.275

172.418

120

83.852

91.573

132.806

140.233

146.567

152.211

153.918

158.95

163.648

169.461

173.617

P

DF

0.995

0.975

0.2

0.1

0.05

0.025

0.02

0.01

0.005

0.002

0.001

121

84.686

92.446

133.861

141.315

147.674

153.338

155.051

160.1

164.814

170.647

174.816

122

85.52

93.32

134.915

142.398

148.779

154.464

156.183

161.25

165.98

171.831

176.014

123

86.356

94.195

135.969

143.48

149.885

155.589

157.314

162.398

167.144

173.015

177.212

124

87.192

95.07

137.022

144.562

150.989

156.714

158.445

163.546

168.308

174.198

178.408

125

88.029

95.946

138.076

145.643

152.094

157.839

159.575

164.694

169.471

175.38

179.604

126

88.866

96.822

139.129

146.724

153.198

158.962

160.705

165.841

170.634

176.562

180.799

127

89.704

97.698

140.182

147.805

154.302

160.086

161.834

166.987

171.796

177.743

181.993

128

90.543

98.576

141.235

148.885

155.405

161.209

162.963

168.133

172.957

178.923

183.186

129

91.382

99.453

142.288

149.965

156.508

162.331

164.091

169.278

174.118

180.103

184.379

130

92.222

100.331

143.34

151.045

157.61

163.453

165.219

170.423

175.278

181.282

185.571

131

93.063

101.21

144.392

152.125

158.712

164.575

166.346

171.567

176.438

182.46

186.762

132

93.904

102.089

145.444

153.204

159.814

165.696

167.473

172.711

177.597

183.637

187.953

133

94.746

102.968

146.496

154.283

160.915

166.816

168.6

173.854

178.755

184.814

189.142

134

95.588

103.848

147.548

155.361

162.016

167.936

169.725

174.996

179.913

185.99

190.331

135

96.431

104.729

148.599

156.44

163.116

169.056

170.851

176.138

181.07

187.165

191.52

136

97.275

105.609

149.651

157.518

164.216

170.175

171.976

177.28

182.226

188.34

192.707

137

98.119

106.491

150.702

158.595

165.316

171.294

173.1

178.421

183.382

189.514

193.894

138

98.964

107.372

151.753

159.673

166.415

172.412

174.224

179.561

184.538

190.688

195.08

139

99.809

108.254

152.803

160.75

167.514

173.53

175.348

180.701

185.693

191.861

196.266

234




140

100.655

109.137

153.854

161.827

168.613 | 174.648

176.471

181.84

186.847

193.033 | 197.451

141

101.501

110.02

154.904

162.904

169.711 | 175.765

177.594

182.979

188.001

194.205 | 198.635

142

102.348

110.903

155.954

163.98

170.809 | 176.882

178.716

184.118

189.154

195.376 | 199.819

143

103.196

111.787

157.004

165.056

171.907 | 177.998

179.838

185.256

190.306

196.546 | 201.002

144

104.044

112.671

158.054

166.132

173.004 | 179.114

180.959

186.393

191.458

197.716 | 202.184

145

104.892

113.556

159.104

167.207

174.101 | 180.229

182.08

187.53

192.61

198.885 | 203.366

146

105.741

114.441

160.153

168.283

175.198 | 181.344

183.2

188.666

193.761

200.054 | 204.547

147

106.591

115.326

161.202

169.358

176.294 | 182.459

184.321

189.802

194.912

201.222 | 205.727

148

107.441

116.212

162.251

170.432

177.39

183.573

185.44

190.938

196.062

202.39

206.907

149

108.291

117.098

163.3

171.507

178.485 | 184.687

186.56

192.073

197.211

203.557 | 208.086

150

109.142

117.985

164.349

172.581

179.581 | 185.8

187.678

193.208

198.36

204.723 | 209.265

151

109.994

118.871

165.398

173.655

180.676 | 186.914

188.797

194.342

199.509

205.889 | 210.443

152

110.846

119.759

166.446

174.729

181.77

188.026

189.915

195.476

200.657

207.054 | 211.62

153

111.698

120.646

167.495

175.803

182.865 | 189.139

191.033

196.609

201.804

208.219 | 212.797

154

112.551

121.534

168.543

176.876

183.959 | 190.251

192.15

197.742

202.951

209.383 | 213.973

155

113.405

122.423

169.591

177.949

185.052 | 191.362

193.267

198.874

204.098

210.547 | 215.149

156

114.259

123.312

170.639

179.022

186.146 | 192.474

194.384

200.006

205.244

211.71

216.324

157

115.113

124.201

171.686

180.094

187.239 | 193.584

195.5

201.138

206.39

212.873 | 217.499

158

115.968

125.09

172.734

181.167

188.332 | 194.695

196.616

202.269

207.535

214.035 | 218.673

159

116.823

125.98

173.781

182.239

189.424 | 195.805

197.731

203.4

208.68

215.197 | 219.846

160

117.679

126.87

174.828

183.311

190.516 | 196.915

198.846

204.53

209.824

216.358 | 221.019

P

DF

0.995

0.975

0.2

0.1

0.05

0.025

0.02

0.01

0.005

0.002

0.001

161

118.536

127.761

175.875

184.382

191.608

198.025 |199.961

205.66

210.968

217.518

222.191

162

119.392

128.651

176.922

185.454

192.7

199.134 |201.076

206.79

212,111

218.678

223.363

163

120.249

129.543

177.969

186.525

193.791

200.243

202.19

207.919

213.254

219.838

224.535

164

121.107

130.434

179.016

187.596

194.883

201.351 | 203.303

209.047

214.396

220.997

225.705

165

121.965

131.326

180.062

188.667

195.973

202.459 | 204.417

210.176

215.539

222.156

226.876

166

122.823

132.218

181.109

189.737

197.064

203.567

205.53

211.304

216.68

223.314

228.045

167

123.682

133.111

182.155

190.808

198.154

204.675 | 206.642

212.431

217.821

224.472

229.215

168

124.541

134.003

183.201

191.878

199.244

205.782 | 207.755

213.558

218.962

225.629

230.383

169

125.401

134.897

184.247

192.948

200.334

206.889 | 208.867

214.685

220.102

226.786

231.552

170

126.261

135.79

185.293

194.017

201.423

207.995 | 209.978

215.812

221.242

227.942

232.719

171

127.122

136.684

186.338

195.087

202.513

209.102

211.09

216.938

222.382

229.098

233.887

172

127.983

137.578

187.384

196.156

203.602

210.208 | 212.201

218.063

223.521

230.253

235.053

173

128.844

138.472

188.429

197.225

204.69

211.313 | 213.311

219.189

224.66

231.408

236.22

174

129.706

139.367

189.475

198.294

205.779

212.419 | 214.422

220.314

225.798

232.563

237.385

175

130.568

140.262

190.52

199.363

206.867

213.524|215.532

221.438

226.936

233.717

238.551

176

131.43

141.157

191.565

200.432

207.955

214.628 | 216.641

222.563

228.074

234.87

239.716

177

132.293

142.053

192.61

201.5

209.042

215.733 | 217.751

223.687

229.211

236.023

240.88

178

133.157

142.949

193.654

202.568

210.13

216.837

218.86

224.81

230.347

237.176

242.044

235




179

134.02

143.845

194.699

203.636

211.217

217.941

219.969

225.933

231.484

238.328

243.207

180

134.884

144.741

195.743

204.704

212.304

219.044

221.077

227.056

232.62

239.48

244.37

181

135.749

145.638

196.788

205.771

213.391

220.148

222.185

228.179

233.755

240.632

245.533

182

136.614

146.535

197.832

206.839

214.477

221.251

223.293

229.301

234.891

241.783

246.695

183

137.479

147.432

198.876

207.906

215.563

222.353

224.401

230.423

236.026

242.933

247.857

184

138.344

148.33

199.92

208.973

216.649

223.456

225.508

231.544

237.16

244.084

249.018

185

139.21

149.228

200.964

210.04

217.735

224.558

226.615

232.665

238.294

245.234

250.179

186

140.077

150.126

202.008

211.106

218.82

225.66

227.722

233.786

239.428

246.383

251.339

187

140.943

151.024

203.052

212.173

219.906

226.761

228.828

234.907

240.561

247.532

252.499

188

141.81

151.923

204.095

213.239

220.991

227.863

229.935

236.027

241.694

248.681

253.659

189

142.678

152.822

205.139

214.305

222.076

228.964

231.04

237.147

242.827

249.829

254.818

190

143.545

153.721

206.182

215.371

223.16

230.064

232.146

238.266

243.959

250.977

255.976

191

144.413

154.621

207.225

216.437

224.245

231.165

233.251

239.386

245.091

252.124

257.135

192

145.282

155.521

208.268

217.502

225.329

232.265

234.356

240.505

246.223

253.271

258.292

193

146.15

156.421

209.311

218.568

226.413

233.365

235.461

241.623

247.354

254.418

259.45

194

147.02

157.321

210.354

219.633

227.496

234.465

236.566

242.742

248.485

255.564

260.607

195

147.889

158.221

211.397

220.698

228.58

235.564

237.67

243.86

249.616

256.71

261.763

196

148.759

159.122

212.439

221.763

229.663

236.664

238.774

244.977

250.746

257.855

262.92

197

149.629

160.023

213.482

222.828

230.746

237.763

239.877

246.095

251.876

259.001

264.075

198

150.499

160.925

214.524

223.892

231.829

238.861

240.981

247.212

253.006

260.145

265.231

199

151.37

161.826

215.567

224.957

232.912

239.96

242.084

248.329

254.135

261.29

266.386

200

152.241

162.728

216.609

226.021

233.994

241.058

243.187

249.445

255.264

262.434

267.541

P

DF

0.995

0.975

0.2

0.1

0.05

0.025

0.02

0.01

0.005

0.002

0.001

201

153.112

163.63

217.651

227.085

235.077

242.156

244.29

250.561

256.393

263.578

268.695

202

153.984

164.532

218.693

228.149

236.159

243.254

245.392

251.677

257.521

264.721

269.849

203

154.856

165.435

219.735

229.213

237.24

244.351

246.494

252.793

258.649

265.864

271.002

204

155.728

166.338

220.777

230.276

238.322

245.448

247.596

253.908

259.777

267.007

272.155

205

156.601

167.241

221.818

231.34

239.403

246.545

248.698

255.023

260.904

268.149

273.308

206

157.474

168.144

222.86

232.403

240.485

247.642

249.799

256.138

262.031

269.291

274.46

207

158.347

169.047

223.901

233.466

241.566

248.739

250.9

257.253

263.158

270.432

275.612

208

159.221

169.951

224.943

234.529

242.647

249.835

252.001

258.367

264.285

271.574

276.764

209

160.095

170.855

225.984

235.592

243.727

250.931

253.102

259.481

265.411

272.715

277.915

210

160.969

171.759

227.025

236.655

244.808

252.027

254.202

260.595

266.537

273.855

279.066

211

161.843

172.664

228.066

237.717

245.888

253.122

255.302

261.708

267.662

274.995

280.217

212

162.718

173.568

229.107

238.78

246.968

254.218

256.402

262.821

268.788

276.135

281.367

213

163.593

174.473

230.148

239.842

248.048

255.313

257.502

263.934

269.912

277.275

282.517

214

164.469

175.378

231.189

240.904

249.128

256.408

258.601

265.047

271.037

278.414

283.666

215

165.344

176.283

232.23

241.966

250.207

257.503

259.701

266.159

272.162

279.553

284.815

216

166.22

177.189

233.27

243.028

251.286

258.597

260.8

267.271

273.286

280.692

285.964

217

167.096

178.095

234311

244.09

252.365

259.691

261.898

268.383

274.409

281.83

287.112

218

167.973

179.001

235.351

245.151

253.444

260.785

262.997

269.495

275.533

282.968

288.261

236




219

168.85

179.907

236.391

246.213

254.523

261.879

264.095

270.606

276.656 |284.106

289.408

220

169.727

180.813

237.432

247.274

255.602

262.973

265.193

271.717

277.779 | 285.243

290.556

221

170.604

181.72

238.472

248.335

256.68

264.066

266.291

272.828

278.902 | 286.38

291.703

222

171.482

182.627

239.512

249.396

257.758

265.159

267.389

273.939

280.024 | 287.517

292.85

223

172.36

183.534

240.552

250.457

258.837

266.252

268.486

275.049

281.146 | 288.653

293.996

224

173.238

184.441

241.592

251.517

259.914

267.345

269.584

276.159

282.268 | 289.789

295.142

225

174.116

185.348

242.631

252.578

260.992

268.438

270.681

277.269

283.39 [290.925

296.288

226

174.995

186.256

243.671

253.638

262.07

269.53

271.777

278.379

284.511 | 292.061

297.433

227

175.874

187.164

244711

254.699

263.147

270.622

272.874

279.488

285.632 |293.196

298.579

228

176.753

188.072

245.75

255.759

264.224

271.714

273.97

280.597

286.753 |294.331

299.723

229

177.633

188.98

246.79

256.819

265.301

272.806

275.066

281.706

287.874 | 295.465

300.868

230

178.512

189.889

247.829

257.879

266.378

273.898

276.162

282.814

288.994 | 296.6

302.012

231

179.392

190.797

248.868

258.939

267.455

274.989

277.258

283.923

290.114 | 297.734

303.156

232

180.273

191.706

249.908

259.998

268.531

276.08

278.354

285.031

291.234 | 298.867

304.299

233

181.153

192.615

250.947

261.058

269.608

277.171

279.449

286.139

292.353 |300.001

305.443

234

182.034

193.524

251.986

262.117

270.684

278.262

280.544

287.247

293.472 |301.134

306.586

235

182.915

194.434

253.025

263.176

271.76

279.352

281.639

288.354

294.591 |302.267

307.728

236

183.796

195.343

254.063

264.235

272.836

280.443

282.734

289.461

295.71 | 303.4

308.871

237

184.678

196.253

255.102

265.294

273.911

281.533

283.828

290.568

296.828 |304.532

310.013

238

185.56

197.163

256.141

266.353

274.987

282.623

284.922

291.675

297.947 | 305.664

311.154

239

186.442

198.073

257.179

267.412

276.062

283.713

286.016

292.782

299.065 |306.796

312.296

240

187.324

198.984

258.218

268.471

277.138

284.802

287.11

293.888

300.182 |307.927

313.437

P

DF

0.995

0.975

0.2

0.1

0.05

0.025

0.02

0.01

0.005

0.002 | 0.001

241

188.207

199.894

259.256

269.529

278.213

285.892

288.204

294.994

301.3

309.058 | 314.578

242

189.09

200.805

260.295

270.588

279.288

286.981

289.298

296.1

302.417

310.189|315.718

243

189.973

201.716

261.333

271.646

280.362

288.07

290.391

297.206

303.534

311.32 | 316.859

244

190.856

202.627

262.371

272.704

281.437

289.159

291.484

298.311

304.651

312.45 | 317.999

245

191.739

203.539

263.409

273.762

282.511

290.248

292.577

299.417

305.767

313.58 |319.138

246

192.623

204.45

264.447

274.82

283.586

291.336

293.67

300.522

306.883

314.71 | 320.278

247

193.507

205.362

265.485

275.878

284.66

292.425

294.762

301.626

307.999

315.84 |321.417

248

194.391

206.274

266.523

276.935

285.734

293.513

295.855

302.731

309.115

316.969 | 322.556

249

195.276

207.186

267.561

277.993

286.808

294.601

296.947

303.835

310.231

318.098 | 323.694

250

196.161

208.098

268.599

279.05

287.882

295.689

298.039

304.94

311.346

319.227|324.832

300

240.663

253.912

320.397

331.789

341.395

349.874

352.425

359.906

366.844

375.369 | 381.425

350

285.608

300.064

372.051

384.306

394.626

403.723

406.457

414.474

421.9

431.017 | 437.488

400

330.903

346.482

423.59

436.649

447.632

457.305

460.211

468.724

476.606

486.274|493.132

450

376.483

393.118

475.035

488.849

500.456

510.67

513.736

522.717

531.026

541.212 | 548.432

500

422.303

439.936

526.401

540.93

553.127

563.852

567.07

576.493

585.207

595.882 | 603.446

550

468.328

486.91

577.701

592.909

605.667

616.878

620.241

630.084

639.183

650.324 | 658.215

600

514.529

534.019

628.943

644.8

658.094

669.769

673.27

683.516

692.982

704.568 | 712.771

237




650 |560.885|581.245| 680.134 | 696.614 | 710.421 | 722.542 | 726.176 | 736.807 | 746.625 | 758.639 | 767.141
700 | 607.38 |628.577| 731.28 | 748.359 | 762.661 | 775.211 | 778.972 | 789.974 | 800.131 | 812.556 | 821.347
750 [653.997 | 676.003 | 782.386 | 800.043 | 814.822 | 827.785 | 831.67 |843.029 | 853.514 | 866.336 | 875.404
800 |700.725|723.513| 833.456 | 851.671 | 866.911 | 880.275 | 884.279 | 895.984 | 906.786 | 919.991 | 929.329
850 |747.554 | 771.099 | 884.492 | 903.249 | 918.937 | 932.689 | 936.808 | 948.848 | 959.957 | 973.534 | 983.133
900 |794.475|818.756 | 935.499 | 954.782 | 970.904 | 985.032 | 989.263 | 1001.63 |1013.036|1026.974 | 1036.826
950 | 841.48 | 866.477 | 986.478 [1006.272(1022.816|1037.311|1041.651|1054.334|1066.031| 1080.32 | 1090.418
1000 | 888.564 | 914.257 |1037.431|1057.724|1074.679(1089.531(1093.977(1106.969(1118.948|1133.579 | 1143.917
F Distribution critical values for P=0.10
Denom Numerator DF
DF
1 2 3 4 5 7 10 15 20 30 60 120 500
1 39.864 | 49.5 |53.593]|55.833 | 57.24 [58.906|60.195 | 61.22 | 61.74 | 62.265 | 62.794 | 63.061 | 63.264
2 8.5264 | 8.9999 (9.1618| 9.2434 | 9.2926 |9.3491|9.3915 | 9.4248 | 9.4413 | 9.458 |9.4745| 9.4829 | 9.4893
3 5.5384 | 5.4624 |5.3907 | 5.3426 | 5.3092 |5.2661 | 5.2304 | 5.2003 | 5.1845 | 5.1681 | 5.1513 | 5.1425 | 5.1358
4 4.5448 | 4.3245 [4.1909 | 4.1073 | 4.0505 | 3.979 |3.9198 | 3.8704 | 3.8443 | 3.8175 | 3.7896 | 3.7753 | 3.7643
5 4.0605 | 3.7798 |3.6194 | 3.5202 | 3.453 |3.36793.2974 | 3.2379 | 3.2067 | 3.174 |3.1402| 3.1228 | 3.1094
7 3.5895 | 3.2575 | 3.074 | 2.9605 | 2.8833 | 2.785 | 2.7025 | 2.6322 | 2.5947 | 2.5555 | 2.5142 | 2.4927 | 2.4761
10 3.285 |2.9244 |2.7277| 2.6054 | 2.5216 | 2.4139 | 2.3226 | 2.2434 | 2.2007 | 2.1554 | 2.1071 | 2.0818 | 2.0618
15 | 3.0731 | 2.6951 [2.4898| 2.3615 | 2.2729 | 2.1582| 2.0593 | 1.9722 | 1.9243 | 1.8727 | 1.8168 | 1.7867 | 1.7629
20 | 2.9746 | 2.5893|2.3801| 2.249 |2.1582|2.0397|1.9368 | 1.845 |1.7939 | 1.7383 | 1.6768 | 1.6432 | 1.6163
30 | 2.8808 |2.4887|2.2761| 2.1423 | 2.0493 | 1.9269 | 1.8195 | 1.7222 | 1.6674 | 1.6064 | 1.5376 | 1.499 | 1.4669
60 2.7911 | 2.3932|2.1774| 2.0409 | 1.9457 | 1.8194 | 1.707 | 1.6034 | 1.5435| 1.4756 | 1.3953 | 1.3476 | 1.306
120 | 2.7478 | 2.3473 | 2.13 | 1.9924 | 1.8959 | 1.7675 | 1.6523 | 1.545 | 1.4821 | 1.4094 | 1.3203 | 1.2646 | 1.2123
500 | 2.7157 | 2.3132(2.0947| 1.9561 | 1.8588 (1.7288 | 1.6115 | 1.5009 | 1.4354 | 1.3583 | 1.26 | 1.1937 | 1.1215
F Distribution critical values for P=0.05
Denom Numerator DF
DF
1 2 3 4 5 7 10 15 20 30 60 120 500
1 161.45 | 199.5 [215.71| 224.58 | 230.16 | 236.77 | 241.88 | 245.95 | 248.01 | 250.1 | 252.2 | 253.25 | 254.06
2 18.513 19 19.164 | 19.247 | 19.296 | 19.353 | 19.396 | 19.429 | 19.446 | 19.462 | 19.479 | 19.487 | 19.494
3 10.128 | 9.5522|9.2766 | 9.1172 | 9.0135 | 8.8867 | 8.7855 | 8.7028 | 8.6602 | 8.6165 | 8.572 | 8.5493 | 8.532
4 7.7086 | 6.9443 [6.5915| 6.3882 | 6.256 |6.0942|5.9644 | 5.8579 | 5.8026 | 5.7458 | 5.6877 | 5.658 | 5.6352
5 6.6078 | 5.7862 |5.4095| 5.1922 | 5.0504 |4.8759 | 4.7351 | 4.6187 | 4.5582 | 4.4958 | 4.4314 | 4.3985 | 4.3731
7 5.5914 | 4.7375 |4.3469 | 4.1202 | 3.9715 |3.7871| 3.6366 | 3.5108 | 3.4445 | 3.3758 | 3.3043 | 3.2675 | 3.2388
10 4.9645 | 4.1028 |3.7082 | 3.478 | 3.3259 |3.1354(2.9782| 2.845 |2.7741| 2.6996 | 2.621 | 2.5801 | 2.5482
15 4.5431 | 3.6823 |3.2874 | 3.0556 | 2.9013 | 2.7066 | 2.5437 | 2.4035 | 2.3275 | 2.2467 | 2.1601 | 2.1141 | 2.0776
20 | 4.3512 | 3.4928 |3.0983| 2.866 |2.7109 | 2.514 |2.34792.2032|2.1241 | 2.0391 | 1.9463 | 1.8962 | 1.8563
30 |4.1709 | 3.3159|2.9223| 2.6896 | 2.5336 | 2.3343 | 2.1646 | 2.0149 | 1.9317 | 1.8408 | 1.7396 | 1.6835 | 1.6376
60 | 4.0012 | 3.1505 [2.7581| 2.5252 | 2.3683 | 2.1666 | 1.9927 | 1.8365 | 1.748 | 1.6492 | 1.5343 | 1.4672 | 1.4093
120 | 3.9201 |3.0718 |2.6802| 2.4473 | 2.2898 | 2.0868 | 1.9104 | 1.7505 | 1.6587 | 1.5544 | 1.4289 | 1.3519 | 1.2804
500 | 3.8601 |3.01372.6227| 2.3898 | 2.232 |2.0278|1.8496 | 1.6864 | 1.5917 | 1.482 | 1.3455| 1.2552 | 1.1586
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F Distribution critical values for P=0.02
Denom Numerator DF
DF 1 2 3 4 5 7 10 15 20 30 60 120 500
1 1012.5 | 1249.5 |1350.5|1405.8 | 1440.6 | 1481.8 | 1513.7 | 1539.1 | 1551.9 | 1564.9 | 1578 | 1584.6 | 1589.6
2 48.505 | 49 |49.166(49.249|49.299 | 49.356 | 49.398 | 49.432 | 49.448 | 49.465 | 49.482 | 49.49 [49.496
3 20.618 | 18.858 | 18.11 [17.694| 17.429 | 17.11 | 16.86 |16.657 |16.553 | 16.448 | 16.34 | 16.286 | 16.244
4 14.04 |12.142|11.344(10.899| 10.616 | 10.274 | 10.003 | 9.7828 | 9.6696 | 9.554 |9.4359| 9.376 | 9.33
5 11.323 | 9.4544 (8.6702| 8.233 | 7.953 | 7.6137 | 7.3438|7.1234 | 7.0094 | 6.8926 | 6.7728 | 6.7119 | 6.6649
7 8.9877 | 7.2026 |6.4539 | 6.0347 | 5.7647 | 5.4354 | 5.1711 | 4.9531 | 4.8392 | 4.722 |4.6007 | 4.5384 | 4.4902
10 |7.6384|5.9336(5.2182|4.8157| 4.5549 | 4.2347 | 3.975 | 3.758 |3.6437|3.5245 | 3.3999 | 3.3354 | 3.285
15 6.773 | 5.1355 (4.4475|4.0584 | 3.8052 | 3.4917 | 3.2345 | 3.0168 | 2.9003 | 2.7775 | 2.6468 | 2.578 |2.5237
20 6.3907 | 4.7875 |4.1134{3.7312| 3.4817 | 3.1713 | 2.9149 | 2.6955 | 2.5771 | 2.4509 | 2.3148 | 2.2421 |2.1841
30 |6.0382 |4.4695|3.8093(3.4339 3.1877 | 2.8803 | 2.6239 | 2.402 |2.2805 | 2.1493 | 2.0047 | 1.9255 |1.8611
60 |5.7127 | 4.1785 [3.53193.1633| 2.9207 | 2.6157 | 2.3586 | 2.1326 | 2.0067 | 1.8676 | 1.7085 | 1.6169 | 1.5383
120 | 5.5594 | 4.0423 (3.4026(3.0372 2.7963 | 2.4923 | 2.2347 | 2.0059 | 1.8769 | 1.7322 | 1.5613 | 1.4577 | 1.3629
500 |5.4467 |3.9428 (3.3083|2.9453 | 2.7057 | 2.4024 | 2.1441|1.9128|1.7809 | 1.6307 | 1.4468 | 1.3273 | 1.2019
F Distribution critical values for P=0.01
Denom Numerator DF
bF 1 2 3 4 5 7 10 15 20 30 60 120 500
1 4052.2 | 4999.5 | 5403.4|5624.6| 5763.6 | 5928.4 | 6055.8 | 6157.3 | 6208.7 | 6260.6 | 6313 | 6339.4 [6359.5
2 98.503 99 [99.166(99.249| 99.299 | 99.356 | 99.399 | 99.433 [ 99.449 | 99.466 | 99.482 | 99.491 | 99.497
3 34.116 | 30.817 [29.457 | 28.71 | 28.237 | 27.672 | 27.229 | 26.872 | 26.69 | 26.504 | 26.316 | 26.221 | 26.148
4 21.198 | 18 [16.694|15.977| 15.522 | 14.976 | 14.546 | 14.198 | 14.02 | 13.838 | 13.652 | 13.558 | 13.486
5 16.258 | 13.274 | 12.06 |11.392| 10.967 | 10.455 | 10.051 | 9.7222 | 9.5526 | 9.3793 | 9.202 | 9.1118 |9.0424
7 12.246 | 9.5467 |8.4513|7.8466 | 7.4605 | 6.9929 | 6.6201 | 6.3143 | 6.1554 | 5.992 |5.8236 | 5.7373 | 5.6707
10 | 10.044 |7.5594 |6.5523|5.9944 | 5.6363 | 5.2001 | 4.8492 | 4.5582 | 4.4055 | 4.2469 | 4.0818 | 3.9964 | 3.9303
15 8.6831 | 6.3588 |5.4169(4.8932| 4.5557 | 4.1416 | 3.8049 | 3.5223 | 3.3719 | 3.2141 | 3.0471 | 2.9594 | 2.8906
20 8.096 |5.8489(4.9382|4.4306 | 4.1027 | 3.6987 | 3.3682 | 3.088 |2.9377|2.7785 | 2.6078 | 2.5167 |2.4446
30 |7.5624 |5.3903|4.5098(4.0179| 3.699 |3.3046 |2.9791 |2.7002 | 2.5486 | 2.3859 | 2.2078 | 2.1108 |2.0321
60 |7.0771 |4.9774 4.1259|3.6491| 3.3388 | 2.953 |2.6318 |2.3522(2.1978|2.0284 | 1.8362 | 1.7264 | 1.6328
120 | 6.8509 | 4.7865 | 3.949 |3.4795|3.1736 | 2.7918 | 2.472 |2.1914(2.0345| 1.86 |1.6557| 1.533 |1.4215
500 |6.6858 |4.6479 | 3.821 |3.3569| 3.0539 | 2.6751 | 2.3564 | 2.0746 | 1.9152 | 1.7353 | 1.5175 | 1.3774 | 1.2317
F Distribution critical values for P=0.005
Denom Numerator DF
DF
1 2 3 4 5 7 10 15 20 30 60 120 500
1 16211 | 19999 | 21615 | 22500 | 23056 | 23715 | 24224 | 24630 | 24836 | 25044 | 25253 | 25359 | 25439
2 198.5 199 | 199.17 | 199.25 | 199.3 [ 199.36 | 199.4 | 199.43 | 199.45 | 199.47 | 199.48 | 199.49 | 199.5
3 55.552(49.799 | 47.467 | 46.195 | 45.392 | 44.434 | 43.686 | 43.085 | 42.777 | 42.466 | 42.149 | 41.989 | 41.867
4 31.333(26.284 | 24.259 | 23.155 | 22.456 | 21.622 | 20.967 | 20.438 | 20.167 | 19.891 | 19.611 | 19.468 | 19.359
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5 22.785 | 18.314 | 16.53 |15.556| 14.94 14.2 | 13.618 | 13.146| 12.903 | 12.656 | 12.402 | 12.274 | 12.175

7 16.235 | 12.404 | 10.882 | 10.05 | 9.5221 | 8.8853 | 8.3803 | 7.9677 | 7.7539 | 7.5345 | 7.3088 | 7.1933 | 7.1044
10 12.826 | 9.427 | 8.0807 |7.3428|6.8723 | 6.3025 | 5.8467 | 5.4706 | 5.274 |5.0705 |4.8592 | 4.7501 | 4.6656
15 10.798 | 7.7007 | 6.476 |5.8029|5.3721 | 4.8473 | 4.4235 | 4.0697 | 3.8826 | 3.6868 | 3.4802 | 3.3722 | 3.2874
20 9.9439 | 6.9865 | 5.8176 |5.1744 | 4.7616 | 4.2569 | 3.847 | 3.502 | 3.3178 |3.1234|2.9159| 2.8058 | 2.7186
30 9.1796 | 6.3547 | 5.2387 |4.6233 | 4.2275 | 3.7416 | 3.3439 | 3.0058 | 2.8231 | 2.6277 | 2.4151| 2.2998 | 2.2066
60 8.4946 | 5.795 | 4.729 |4.1399| 3.7599 | 3.2911 | 2.9042 | 2.5705 | 2.3872 | 2.1874 | 1.9621 | 1.8341 | 1.7256
120 |8.1789 | 5.5393 | 4.4972 [ 3.9207 | 3.5482 | 3.0874 | 2.7052 | 2.3728 | 2.1882 | 1.984 |1.7468 | 1.6055 | 1.4778
500 | 7.9498 | 5.3548 | 4.3304 [3.7632| 3.3963 | 2.9414 | 2.5625 | 2.2303 | 2.0441 | 1.8352 | 1.5844 | 1.4245 | 1.2595

F Distribution critical values for P=0.001

Denom Numerator DF

DF

1 2 3 4 5 7 10 15 20 30 60 120 500

1 405284 | 499999 | 540379 [562500| 576405 |592873 (605621 |615764 | 620908 |626099(631337(633972 635983

2 998.5 999 999.17 [999.25| 999.3 |999.36 | 999.4 |999.43 | 999.45 | 999.47 | 999.48 | 999.49 | 999.5

3 167.03 | 148.5 | 141.11 | 137.1 | 134.58 | 131.58 | 129.25 | 127.37 | 126.42 | 125.45 | 124.47 | 123.97 | 123.59

4 74.137 | 61.245 | 56.177 | 53.436 | 51.712 | 49.658 | 48.053 | 46.761 | 46.1 |45.429|44.746| 44.4 |44.135

5 47.181 | 37.122 | 33.202 | 31.085 | 29.752 | 28.163 | 26.917 | 25.911 | 25.395 | 24.869 | 24.333 | 24.061 | 23.852

7 29.245 | 21.689 | 18.772 |17.198| 16.206 | 15.019 | 14.083 | 13.324 | 12.932 | 12.53 | 12.119| 11.909 | 11.747
10 21.04 | 14.905 | 12.553 | 11.283 | 10.481 | 9.5174 | 8.7539 | 8.1288 | 7.8038 | 7.4688 | 7.1224 | 6.9443 | 6.8065
15 16.587 | 11.339 | 9.3352 |8.2526 | 7.5673 | 6.7408 | 6.0808 | 5.5351 | 5.2484 | 4.9502 | 4.6378 | 4.4749 | 4.3478
20 14.819 | 9.9526 | 8.0984 | 7.096 | 6.4606 | 5.692 | 5.0753 [ 4.5618 | 4.29 |4.0051| 3.703 |3.5439 |3.4184
30 13.293 | 8.7734 | 7.0544 | 6.1245| 5.5339 | 4.8173 | 4.2389 | 3.7528 | 3.4928 | 3.2171|2.9197| 2.7595 | 2.631
60 11.973 | 7.7678 | 6.1712 | 5.3067 | 4.7565 | 4.0864 | 3.5415 | 3.0781 | 2.8265 | 2.5549 | 2.2522| 2.0821 | 1.939
120 11.38 | 7.3212 | 5.7814 | 4.9471| 4.4157 | 3.7669 | 3.2372 | 2.7833 | 2.5345 | 2.2621 | 1.9502 | 1.7668 | 1.6027
500 | 10.957 | 7.0041 | 5.5056 [4.6935|4.1757 | 3.5424 | 3.0234 | 2.5759 | 2.3282 | 2.0538 | 1.7292 | 1.526 | 1.3191

DW (a=5%)
n =1 =2 =3 =4 =5
dL du dL du dL du dL du dL du

6 0.6102 | 1.4002

7 0.6996 | 1.3564 | 0.4672 | 1.8964

8 0.7629 | 1.3324 | 0.5591 | 1.7771 | 0.3674 | 2.2866

9 0.8243 | 1.3199 | 0.6291 | 1.6993 | 0.4548 | 2.1282 | 0.2957 | 2.5881

10 | 0.8791 | 1.3197 | 0.6972 | 1.6413 | 0.5253 | 2.0163 | 0.3760 | 2.4137 | 0.2427 | 2.8217

11 | 0.9273 | 1.3241 | 0.7580 | 1.6044 | 0.5948 | 1.9280 | 0.4441 | 2.2833 | 0.3155 | 2.6446

12 | 0.9708 | 1.3314 | 0.8122 | 1.5794 | 0.6577 | 1.8640 | 0.5120 | 2.1766 | 0.3796 | 2.5061

13 | 1.0097 | 1.3404 | 0.8612 | 1.5621 | 0.7147 | 1.8159 | 0.5745 |2.0943 | 0.4445 | 2.3897

14 | 1.0450 | 1.3503 | 0.9054 | 1.5507 | 0.7667 | 1.7788 | 0.6321 | 2.0296 | 0.5052 | 2.2959

15 | 1.0770 | 1.3605 | 0.9455 | 1.5432 | 0.8140 | 1.7501 | 0.6852 | 1.9774 | 0.5620 | 2.2198

16 | 1.1062 | 1.3709 | 0.9820 | 1.5386 | 0.8572 | 1.7277 | 0.7340 | 1.9351 | 0.6150 | 2.1567

17 | 1.1330 |1.3812 | 1.0154 | 1.5361 | 0.8968 | 1.7101 | 0.7790 | 1.9005 | 0.6641 | 2.1041
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18 | 1.1576 | 1.3913 | 1.0461 | 1.5353 | 0.9331 | 1.6961 | 0.8204 | 1.8719 | 0.7098 | 2.0600
19 | 1.1804 | 1.4012 | 1.0743 | 1.5355 | 0.9666 | 1.6851 | 0.8588 | 1.8482 | 0.7523 | 2.0226
20 | 1.2015 | 1.4107 | 1.1004 | 1.5367 | 0.9976 | 1.6763 | 0.8943 | 1.8283 | 0.7918 | 1.9908
21 | 1.2212 | 1.4200 | 1.1246 | 1.5385 | 1.0262 | 1.6694 | 0.9272 | 1.8116 | 0.8286 | 1.9635
22 | 1.2395 | 1.4289 | 1.1471 | 1.5408 | 1.0529 | 1.6640 | 0.9578 | 1.7974 | 0.8629 | 1.9400
23 | 1.2567 | 1.4375 | 1.1682 | 1.5435 | 1.0778 | 1.6597 | 0.9864 | 1.7855 | 0.8949 | 1.9196
24 | 1.2728 | 1.4458 | 1.1878 | 1.5464 | 1.1010 | 1.6565 | 1.0131 | 1.7753 | 0.9249 | 1.9018
25 | 1.2879 | 1.4537 | 1.2063 | 1.5495 | 1.1228 | 1.6540 | 1.0381 | 1.7666 | 0.9530 | 1.8863
26 | 1.3022 | 1.4614 | 1.2236 | 1.5528 | 1.1432 | 1.6523 | 1.0616 | 1.7591 | 0.9794 | 1.8727
27 | 1.3157 | 1.4688 | 1.2399 | 1.5562 | 1.1624 | 1.6510 | 1.0836 | 1.7527 | 1.0042 | 1.8608
28 |1.3284 | 1.4759 | 1.2553 | 1.5596 | 1.1805 | 1.6503 | 1.1044 | 1.7473 | 1.0276 | 1.8502
29 | 1.3405 | 1.4828 | 1.2699 | 1.5631 | 1.1976 | 1.6499 | 1.1241 | 1.7426 | 1.0497 | 1.8409
30 | 1.3520 | 1.4894 | 1.2837 | 1.5666 | 1.2138 | 1.6498 | 1.1426 | 1.7386 | 1.0706 | 1.8326
31 |1.3630 | 1.4957 | 1.2969 | 1.5701 | 1.2292 | 1.6500 | 1.1602 | 1.7352 | 1.0904 | 1.8252
32 |1.3734 | 1.5019 | 1.3093 | 1.5736 | 1.2437 | 1.6505 | 1.1769 | 1.7323 | 1.1092 | 1.8187
33 | 1.3834 | 1.5078 |1.3212 | 1.5770 | 1.2576 | 1.6511 | 1.1927 | 1.7298 | 1.1270 | 1.8128
34 ]1.3929 | 1.5136 | 1.3325 | 1.5805 | 1.2707 | 1.6519 | 1.2078 | 1.7277 | 1.1439 | 1.8076
35 |1.4019 | 1.5191 | 1.3433 | 1.5838 | 1.2833 | 1.6528 | 1.2221 | 1.7259 | 1.1601 | 1.8029
36 | 1.4107 | 1.5245 | 1.3537 | 1.5872 | 1.2953 | 1.6539 | 1.2358 | 1.7245 | 1.1755 | 1.7987
37 |1.4190 | 1.5297 | 1.3635 | 1.5904 | 1.3068 | 1.6550 | 1.2489 | 1.7233 | 1.1901 | 1.7950
38 |1.4270 | 1.5348 | 1.3730 | 1.5937 | 1.3177 | 1.6563 | 1.2614 | 1.7223 | 1.2042 | 1.7916
39 | 1.4347 | 1.5396 | 1.3821 | 1.5969 | 1.3283 | 1.6575 | 1.2734 | 1.7215 | 1.2176 | 1.7886
40 | 1.4421 | 1.5444 | 1.3908 | 1.6000 | 1.3384 | 1.6589 | 1.2848 | 1.7209 | 1.2305 | 1.7859
41 | 1.4493 | 1.5490 | 1.3992 | 1.6031 | 1.3480 | 1.6603 | 1.2958 | 1.7205 | 1.2428 | 1.7835
42 | 1.4562 | 1.5534 | 1.4073 | 1.6061 | 1.3573 | 1.6617 | 1.3064 | 1.7202 | 1.2546 | 1.7814
43 | 1.4628 | 1.5577 | 1.4151 | 1.6091 | 1.3663 | 1.6632 | 1.3166 | 1.7200 | 1.2660 | 1.7794
44 | 1.4692 | 1.5619 | 1.4226 | 1.6120 | 1.3749 | 1.6647 | 1.3263 | 1.7200 | 1.2769 | 1.7777
45 | 1.4754 | 1.5660 | 1.4298 | 1.6148 | 1.3832 | 1.6662 | 1.3357 | 1.7200 | 1.2874 | 1.7762
46 | 1.4814 | 1.5700 | 1.4368 | 1.6176 | 1.3912 | 1.6677 | 1.3448 | 1.7201 | 1.2976 | 1.7748
47 | 1.4872 | 1.5739 | 1.4435 | 1.6204 | 1.3989 | 1.6692 | 1.3535 | 1.7203 | 1.3073 | 1.7736
48 | 1.4928 | 1.5776 | 1.4500 | 1.6231 | 1.4064 | 1.6708 | 1.3619 | 1.7206 | 1.3167 | 1.7725
49 | 1.4982 | 1.5813 | 1.4564 | 1.6257 | 1.4136 | 1.6723 | 1.3701 | 1.7210 | 1.3258 | 1.7716
50 |[1.5035 |1.5849 | 1.4625 | 1.6283 | 1.4206 | 1.6739 | 1.3779 | 1.7214 | 1.3346 | 1.7708
51 | 1.5086 | 1.5884 | 1.4684 | 1.6309 | 1.4273 | 1.6754 | 1.3855 | 1.7218 | 1.3431 | 1.7701
52 | 1.5135 | 1.5917 | 1.4741 | 1.6334 | 1.4339 | 1.6769 | 1.3929 | 1.7223 | 1.3512 | 1.7694
53 | 1.5183 | 1.5951 | 1.4797 | 1.6359 | 1.4402 | 1.6785 | 1.4000 | 1.7228 | 1.3592 | 1.7689
54 |1.5230 | 1.5983 | 1.4851 | 1.6383 | 1.4464 | 1.6800 | 1.4069 | 1.7234 | 1.3669 | 1.7684
55 [ 1.5276 | 1.6014 | 1.4903 | 1.6406 | 1.4523 | 1.6815 | 1.4136 | 1.7240 | 1.3743 | 1.7681
56 | 1.5320 | 1.6045 | 1.4954 | 1.6430 | 1.4581 | 1.6830 | 1.4201 | 1.7246 | 1.3815 | 1.7678
57 | 1.5363 | 1.6075 | 1.5004 | 1.6452 | 1.4637 | 1.6845 | 1.4264 | 1.7253 | 1.3885 | 1.7675
58 | 1.5405 | 1.6105 | 1.5052 | 1.6475 | 1.4692 | 1.6860 | 1.4325 | 1.7259 | 1.3953 | 1.7673
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59 | 1.5446 | 1.6134 | 1.5099 | 1.6497 | 1.4745 | 1.6875 | 1.4385 | 1.7266 | 1.4019 | 1.7672
60 |1.5485 | 1.6162 | 1.5144 | 1.6518 | 1.4797 | 1.6889 | 1.4443 | 1.7274 | 1.4083 | 1.7671
61 |1.5524 | 1.6189 | 1.5189 | 1.6540 | 1.4847 | 1.6904 | 1.4499 | 1.7281 | 1.4146 | 1.7671
62 | 1.5562 | 1.6216 | 1.5232 | 1.6561 | 1.4896 | 1.6918 | 1.4554 | 1.7288 | 1.4206 | 1.7671
63 | 1.5599 | 1.6243 | 1.5274 | 1.6581 | 1.4943 | 1.6932 | 1.4607 | 1.7296 | 1.4265 | 1.7671
64 | 1.5635 | 1.6268 | 1.5315 | 1.6601 | 1.4990 | 1.6946 | 1.4659 | 1.7303 | 1.4322 | 1.7672
65 | 1.5670 | 1.6294 | 1.5355 | 1.6621 | 1.5035 | 1.6960 | 1.4709 | 1.7311 | 1.4378 | 1.7673
66 |1.5704 | 1.6318 | 1.5395 | 1.6640 | 1.5079 | 1.6974 | 1.4758 | 1.7319 | 1.4433 | 1.7675
67 |1.5738 | 1.6343 | 1.5433 | 1.6660 | 1.5122 | 1.6988 | 1.4806 | 1.7327 | 1.4486 | 1.7676
68 | 1.5771 | 1.6367 | 1.5470 | 1.6678 | 1.5164 | 1.7001 | 1.4853 | 1.7335 | 1.4537 | 1.7678
69 | 1.5803 | 1.6390 | 1.5507 | 1.6697 | 1.5205 | 1.7015 | 1.4899 | 1.7343 | 1.4588 | 1.7680
70 |1.5834 | 1.6413 | 1.5542 | 1.6715 | 1.5245 | 1.7028 | 1.4943 | 1.7351 | 1.4637 | 1.7683
71 1.5865 | 1.6435 | 1.5577 | 1.6733 | 1.5284 | 1.7041 | 1.4987 | 1.7358 | 1.4685 | 1.7685
72 1.5895 | 1.6457 | 1.5611 | 1.6751 | 1.5323 | 1.7054 | 1.5029 | 1.7366 | 1.4732 | 1.7688
73 1.5924 | 1.6479 | 1.5645 | 1.6768 | 1.5360 | 1.7067 | 1.5071 | 1.7375 | 1.4778 | 1.7691
74 1.5953 | 1.6500 | 1.5677 | 1.6785 | 1.5397 | 1.7079 | 1.5112 | 1.7383 | 1.4822 | 1.7694
75 1.5981 | 1.6521 | 1.5709 | 1.6802 | 1.5432 | 1.7092 | 1.5151 | 1.7390 | 1.4866 | 1.7698
76 1.6009 | 1.6541 | 1.5740 | 1.6819 | 1.5467 | 1.7104 | 1.5190 | 1.7399 | 1.4909 | 1.7701
77 1.6036 | 1.6561 | 1.5771 | 1.6835 | 1.5502 | 1.7117 | 1.5228 | 1.7407 | 1.4950 | 1.7704
78 1.6063 | 1.6581 | 1.5801 | 1.6851 | 1.5535 | 1.7129 | 1.5265 | 1.7415 | 1.4991 | 1.7708
79 1.6089 | 1.6601 | 1.5830 | 1.6867 | 1.5568 | 1.7141 | 1.5302 | 1.7423 | 1.5031 | 1.7712
80 1.6114 | 1.6620 | 1.5859 | 1.6882 | 1.5600 | 1.7153 | 1.5337 | 1.7430 | 1.5070 | 1.7716
81 1.6139 | 1.6639 | 1.5888 | 1.6898 | 1.5632 | 1.7164 | 1.5372 | 1.7438 | 1.5109 | 1.7720
82 1.6164 | 1.6657 | 1.5915 | 1.6913 | 1.5663 | 1.7176 | 1.5406 | 1.7446 | 1.5146 | 1.7724
83 1.6188 | 1.6675 | 1.5942 | 1.6928 | 1.5693 | 1.7187 | 1.5440 | 1.7454 | 1.5183 | 1.7728
84 1.6212 | 1.6693 | 1.5969 | 1.6942 | 1.5723 | 1.7199 | 1.5472 | 1.7462 | 1.5219 | 1.7732
85 1.6235 | 1.6711 | 1.5995 | 1.6957 | 1.5752 | 1.7210 | 1.5505 | 1.7470 | 1.5254 | 1.7736
86 1.6258 | 1.6728 | 1.6021 | 1.6971 | 1.5780 | 1.7221 | 1.5536 | 1.7478 | 1.5289 | 1.7740
87 1.6280 | 1.6745 | 1.6046 | 1.6985 | 1.5808 | 1.7232 | 1.5567 | 1.7485 | 1.5322 | 1.7745
88 1.6302 | 1.6762 | 1.6071 | 1.6999 | 1.5836 | 1.7243 | 1.5597 | 1.7493 | 1.5356 | 1.7749
89 1.6324 | 1.6778 | 1.6095 | 1.7013 | 1.5863 | 1.7254 | 1.5627 | 1.7501 | 1.5388 | 1.7754
90 1.6345 | 1.6794 | 1.6119 | 1.7026 | 1.5889 | 1.7264 | 1.5656 | 1.7508 | 1.5420 | 1.7758
91 1.6366 | 1.6810 | 1.6143 | 1.7040 | 1.5915 | 1.7275 | 1.5685 | 1.7516 | 1.5452 | 1.7763
92 1.6387 | 1.6826 | 1.6166 | 1.7053 | 1.5941 | 1.7285 | 1.5713 | 1.7523 | 1.5482 | 1.7767
93 1.6407 | 1.6841 | 1.6188 | 1.7066 | 1.5966 | 1.7295 | 1.5741 | 1.7531 | 1.5513 | 1.7772
94 1.6427 | 1.6857 | 1.6211 | 1.7078 | 1.5991 | 1.7306 | 1.5768 | 1.7538 | 1.5542 | 1.7776
95 1.6447 | 1.6872 | 1.6233 | 1.7091 | 1.6015 | 1.7316 | 1.5795 | 1.7546 | 1.5572 | 1.7781
96 1.6466 | 1.6887 | 1.6254 | 1.7103 | 1.6039 | 1.7326 | 1.5821 | 1.7553 | 1.5600 | 1.7785
97 1.6485 | 1.6901 | 1.6275 | 1.7116 | 1.6063 | 1.7335 | 1.5847 | 1.7560 | 1.5628 | 1.7790
98 1.6504 | 1.6916 | 1.6296 | 1.7128 | 1.6086 | 1.7345 | 1.5872 | 1.7567 | 1.5656 | 1.7795
99 1.6522 | 1.6930 | 1.6317 | 1.7140 | 1.6108 | 1.7355 | 1.5897 | 1.7575 | 1.5683 | 1.7799
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100 | 1.6540 | 1.6944 | 1.6337 | 1.7152 | 1.6131 | 1.7364 | 1.5922 | 1.7582 | 1.5710 | 1.7804
101 | 1.6558 | 1.6958 | 1.6357 | 1.7163 | 1.6153 | 1.7374 | 1.5946 | 1.7589 | 1.5736 | 1.7809
102 | 1.6576 | 1.6971 | 1.6376 | 1.7175 | 1.6174 | 1.7383 | 1.5969 | 1.7596 | 1.5762 | 1.7813
103 | 1.6593 | 1.6985 | 1.6396 | 1.7186 | 1.6196 | 1.7392 | 1.5993 | 1.7603 | 1.5788 | 1.7818
104 | 1.6610 | 1.6998 | 1.6415 | 1.7198 | 1.6217 | 1.7402 | 1.6016 | 1.7610 | 1.5813 | 1.7823
105 | 1.6627 | 1.7011 | 1.6433 | 1.7209 | 1.6237 | 1.7411 | 1.6038 | 1.7617 | 1.5837 | 1.7827
106 | 1.6644 | 1.7024 | 1.6452 | 1.7220 | 1.6258 | 1.7420 | 1.6061 | 1.7624 | 1.5861 | 1.7832
107 | 1.6660 | 1.7037 | 1.6470 | 1.7231 | 1.6277 | 1.7428 | 1.6083 | 1.7631 | 1.5885 | 1.7837
108 | 1.6676 | 1.7050 | 1.6488 | 1.7241 | 1.6297 | 1.7437 | 1.6104 | 1.7637 | 1.5909 | 1.7841
109 | 1.6692 | 1.7062 | 1.6505 | 1.7252 | 1.6317 | 1.7446 | 1.6125 | 1.7644 | 1.5932 | 1.7846
110 | 1.6708 | 1.7074 | 1.6523 | 1.7262 | 1.6336 | 1.7455 | 1.6146 | 1.7651 | 1.5955 | 1.7851
111 | 1.6723 | 1.7086 | 1.6540 | 1.7273 | 1.6355 | 1.7463 | 1.6167 | 1.7657 | 1.5977 | 1.7855
112 | 1.6738 | 1.7098 | 1.6557 | 1.7283 | 1.6373 | 1.7472 | 1.6187 | 1.7664 | 1.5999 | 1.7860
113 | 1.6753 | 1.7110 | 1.6574 | 1.7293 | 1.6391 | 1.7480 | 1.6207 | 1.7670 | 1.6021 | 1.7864
114 | 1.6768 | 1.7122 | 1.6590 | 1.7303 | 1.6410 | 1.7488 | 1.6227 | 1.7677 | 1.6042 | 1.7869
115 | 1.6783 | 1.7133 | 1.6606 | 1.7313 | 1.6427 | 1.7496 | 1.6246 | 1.7683 | 1.6063 | 1.7874
116 | 1.6797 | 1.7145 | 1.6622 | 1.7323 | 1.6445 | 1.7504 | 1.6265 | 1.7690 | 1.6084 | 1.7878
117 | 1.6812 | 1.7156 | 1.6638 | 1.7332 | 1.6462 | 1.7512 | 1.6284 | 1.7696 | 1.6105 | 1.7883
118 | 1.6826 | 1.7167 | 1.6653 | 1.7342 | 1.6479 | 1.7520 | 1.6303 | 1.7702 | 1.6125 | 1.7887
119 | 1.6839 | 1.7178 | 1.6669 | 1.7352 | 1.6496 | 1.7528 | 1.6321 | 1.7709 | 1.6145 | 1.7892
120 | 1.6853 | 1.7189 | 1.6684 | 1.7361 | 1.6513 | 1.7536 | 1.6339 | 1.7715 | 1.6164 | 1.7896
121 | 1.6867 | 1.7200 | 1.6699 | 1.7370 | 1.6529 | 1.7544 | 1.6357 | 1.7721 | 1.6184 | 1.7901
122 | 1.6880 | 1.7210 | 1.6714 | 1.7379 | 1.6545 | 1.7552 | 1.6375 | 1.7727 | 1.6203 | 1.7905
123 | 1.6893 | 1.7221 | 1.6728 | 1.7388 | 1.6561 | 1.7559 | 1.6392 | 1.7733 | 1.6222 | 1.7910
124 | 1.6906 | 1.7231 | 1.6743 | 1.7397 | 1.6577 | 1.7567 | 1.6409 | 1.7739 | 1.6240 | 1.7914
125 | 1.6919 | 1.7241 | 1.6757 | 1.7406 | 1.6592 | 1.7574 | 1.6426 | 1.7745 | 1.6258 | 1.7919
126 |1.6932 | 1.7252 | 1.6771 | 1.7415 | 1.6608 | 1.7582 | 1.6443 | 1.7751 | 1.6276 | 1.7923
127 | 1.6944 | 1.7261 | 1.6785 | 1.7424 | 1.6623 | 1.7589 | 1.6460 | 1.7757 | 1.6294 | 1.7928
128 | 1.6957 | 1.7271 | 1.6798 | 1.7432 | 1.6638 | 1.7596 | 1.6476 | 1.7763 | 1.6312 | 1.7932
129 | 1.6969 | 1.7281 | 1.6812 | 1.7441 | 1.6653 | 1.7603 | 1.6492 | 1.7769 | 1.6329 | 1.7937
130 | 1.6981 | 1.7291 | 1.6825 | 1.7449 | 1.6667 | 1.7610 | 1.6508 | 1.7774 | 1.6346 | 1.7941
131 | 1.6993 | 1.7301 | 1.6838 | 1.7458 | 1.6682 | 1.7617 | 1.6523 | 1.7780 | 1.6363 | 1.7945
132 | 1.7005 | 1.7310 | 1.6851 | 1.7466 | 1.6696 | 1.7624 | 1.6539 | 1.7786 | 1.6380 | 1.7950
133 | 1.7017 | 1.7319 | 1.6864 | 1.7474 | 1.6710 | 1.7631 | 1.6554 | 1.7791 | 1.6397 | 1.7954
134 | 1.7028 | 1.7329 | 1.6877 | 1.7482 | 1.6724 | 1.7638 | 1.6569 | 1.7797 | 1.6413 | 1.7958
135 | 1.7040 | 1.7338 | 1.6889 | 1.7490 | 1.6738 | 1.7645 | 1.6584 | 1.7802 | 1.6429 | 1.7962
136 | 1.7051 | 1.7347 | 1.6902 | 1.7498 | 1.6751 | 1.7652 | 1.6599 | 1.7808 | 1.6445 | 1.7967
137 | 1.7062 | 1.7356 | 1.6914 | 1.7506 | 1.6765 | 1.7659 | 1.6613 | 1.7813 | 1.6461 | 1.7971
138 | 1.7073 | 1.7365 | 1.6926 | 1.7514 | 1.6778 | 1.7665 | 1.6628 | 1.7819 | 1.6476 | 1.7975
139 | 1.7084 | 1.7374 | 1.6938 | 1.7521 | 1.6791 | 1.7672 | 1.6642 | 1.7824 | 1.6491 | 1.7979
140 | 1.7095 | 1.7382 | 1.6950 | 1.7529 | 1.6804 | 1.7678 | 1.6656 | 1.7830 | 1.6507 | 1.7984
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141 | 1.7106 | 1.7391 | 1.6962 | 1.7537 | 1.6817 | 1.7685 | 1.6670 | 1.7835 | 1.6522 | 1.7988
142 | 1.7116 | 1.7400 | 1.6974 | 1.7544 | 1.6829 | 1.7691 | 1.6684 | 1.7840 | 1.6536 | 1.7992
143 | 1.7127 | 1.7408 | 1.6985 | 1.7552 | 1.6842 | 1.7697 | 1.6697 | 1.7846 | 1.6551 | 1.7996
144 | 1.7137 | 1.7417 | 1.6996 | 1.7559 | 1.6854 | 1.7704 | 1.6710 | 1.7851 | 1.6565 | 1.8000
145 | 1.7147 | 1.7425 | 1.7008 | 1.7566 | 1.6866 | 1.7710 | 1.6724 | 1.7856 | 1.6580 | 1.8004
146 | 1.7157 | 1.7433 | 1.7019 | 1.7574 | 1.6878 | 1.7716 | 1.6737 | 1.7861 | 1.6594 | 1.8008
147 | 1.7167 | 1.7441 | 1.7030 | 1.7581 | 1.6890 | 1.7722 | 1.6750 | 1.7866 | 1.6608 | 1.8012
148 | 1.7177 | 1.7449 | 1.7041 | 1.7588 | 1.6902 | 1.7729 | 1.6762 | 1.7871 | 1.6622 | 1.8016
149 | 1.7187 | 1.7457 | 1.7051 | 1.7595 | 1.6914 | 1.7735 | 1.6775 | 1.7876 | 1.6635 | 1.8020
150 | 1.7197 | 1.7465 | 1.7062 | 1.7602 | 1.6926 | 1.7741 | 1.6788 | 1.7881 | 1.6649 | 1.8024
151 | 1.7207 | 1.7473 | 1.7072 | 1.7609 | 1.6937 | 1.7747 | 1.6800 | 1.7886 | 1.6662 | 1.8028
152 | 1.7216 | 1.7481 | 1.7083 | 1.7616 | 1.6948 | 1.7752 | 1.6812 | 1.7891 | 1.6675 | 1.8032
153 | 1.7226 | 1.7488 | 1.7093 | 1.7622 | 1.6959 | 1.7758 | 1.6824 | 1.7896 | 1.6688 | 1.8036
154 |1.7235 | 1.7496 | 1.7103 | 1.7629 | 1.6971 | 1.7764 | 1.6836 | 1.7901 | 1.6701 | 1.8040
155 | 1.7244 | 1.7504 | 1.7114 | 1.7636 | 1.6982 | 1.7770 | 1.6848 | 1.7906 | 1.6714 | 1.8044
156 | 1.7253 | 1.7511 | 1.7123 | 1.7642 | 1.6992 | 1.7776 | 1.6860 | 1.7911 | 1.6727 | 1.8048
157 | 1.7262 | 1.7519 | 1.7133 | 1.7649 | 1.7003 | 1.7781 | 1.6872 | 1.7915 | 1.6739 | 1.8052
158 | 1.7271 | 1.7526 | 1.7143 | 1.7656 | 1.7014 | 1.7787 | 1.6883 | 1.7920 | 1.6751 | 1.8055
159 | 1.7280 | 1.7533 | 1.7153 | 1.7662 | 1.7024 | 1.7792 | 1.6895 | 1.7925 | 1.6764 | 1.8059
160 | 1.7289 | 1.7541 | 1.7163 | 1.7668 | 1.7035 | 1.7798 | 1.6906 | 1.7930 | 1.6776 | 1.8063
161 | 1.7298 | 1.7548 | 1.7172 | 1.7675 | 1.7045 | 1.7804 | 1.6917 | 1.7934 | 1.6788 | 1.8067
162 | 1.7306 | 1.7555 | 1.7182 | 1.7681 | 1.7055 | 1.7809 | 1.6928 | 1.7939 | 1.6800 | 1.8070
163 | 1.7315 | 1.7562 | 1.7191 | 1.7687 | 1.7066 | 1.7814 | 1.6939 | 1.7943 | 1.6811 | 1.8074
164 | 1.7324 | 1.7569 | 1.7200 | 1.7693 | 1.7075 | 1.7820 | 1.6950 | 1.7948 | 1.6823 | 1.8078
165 | 1.7332 | 1.7576 | 1.7209 | 1.7700 | 1.7085 | 1.7825 | 1.6960 | 1.7953 | 1.6834 | 1.8082
166 | 1.7340 | 1.7582 | 1.7218 | 1.7706 | 1.7095 | 1.7831 | 1.6971 | 1.7957 | 1.6846 | 1.8085
167 | 1.7348 | 1.7589 | 1.7227 | 1.7712 | 1.7105 | 1.7836 | 1.6982 | 1.7961 | 1.6857 | 1.8089
168 | 1.7357 | 1.7596 | 1.7236 | 1.7718 | 1.7115 | 1.7841 | 1.6992 | 1.7966 | 1.6868 | 1.8092
169 | 1.7365 | 1.7603 | 1.7245 | 1.7724 | 1.7124 | 1.7846 | 1.7002 | 1.7970 | 1.6879 | 1.8096
170 |1.7373 | 1.7609 | 1.7254 | 1.7730 | 1.7134 | 1.7851 | 1.7012 | 1.7975 | 1.6890 | 1.8100
171 |1.7381 | 1.7616 | 1.7262 | 1.7735 | 1.7143 | 1.7856 | 1.7023 | 1.7979 | 1.6901 | 1.8103
172 | 1.7389 | 1.7622 | 1.7271 | 1.7741 | 1.7152 | 1.7861 | 1.7033 | 1.7983 | 1.6912 | 1.8107
173 | 1.7396 | 1.7629 | 1.7279 | 1.7747 | 1.7162 | 1.7866 | 1.7042 | 1.7988 | 1.6922 | 1.8110
174 | 1.7404 | 1.7635 | 1.7288 | 1.7753 | 1.7171 | 1.7872 | 1.7052 | 1.7992 | 1.6933 | 1.8114
175 | 1.7412 | 1.7642 | 1.7296 | 1.7758 | 1.7180 | 1.7877 | 1.7062 | 1.7996 | 1.6943 | 1.8117
176 | 1.7420 | 1.7648 | 1.7305 | 1.7764 | 1.7189 | 1.7881 | 1.7072 | 1.8000 | 1.6954 | 1.8121
177 | 1.7427 | 1.7654 | 1.7313 | 1.7769 | 1.7197 | 1.7886 | 1.7081 | 1.8005 | 1.6964 | 1.8124
178 |1.7435 | 1.7660 | 1.7321 | 1.7775 | 1.7206 | 1.7891 | 1.7091 | 1.8009 | 1.6974 | 1.8128
179 | 1.7442 | 1.7667 | 1.7329 | 1.7780 | 1.7215 | 1.7896 | 1.7100 | 1.8013 | 1.6984 | 1.8131
180 | 1.7449 | 1.7673 | 1.7337 | 1.7786 | 1.7224 | 1.7901 | 1.7109 | 1.8017 | 1.6994 | 1.8135
181 | 1.7457 | 1.7679 | 1.7345 | 1.7791 | 1.7232 | 1.7906 | 1.7118 | 1.8021 | 1.7004 | 1.8138
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182 | 1.7464 | 1.7685 | 1.7353 | 1.7797 | 1.7241 | 1.7910 | 1.7128 | 1.8025 | 1.7014 | 1.8141
183 | 1.7471 | 1.7691 | 1.7360 | 1.7802 | 1.7249 | 1.7915 | 1.7137 | 1.8029 | 1.7023 | 1.8145
184 | 1.7478 | 1.7697 | 1.7368 | 1.7807 | 1.7257 | 1.7920 | 1.7146 | 1.8033 | 1.7033 | 1.8148
185 | 1.7485 | 1.7702 | 1.7376 | 1.7813 | 1.7266 | 1.7924 | 1.7155 | 1.8037 | 1.7042 | 1.8151
186 | 1.7492 | 1.7708 | 1.7384 | 1.7818 | 1.7274 | 1.7929 | 1.7163 | 1.8041 | 1.7052 | 1.8155
187 | 1.7499 | 1.7714 | 1.7391 | 1.7823 | 1.7282 | 1.7933 | 1.7172 | 1.8045 | 1.7061 | 1.8158
188 | 1.7506 | 1.7720 | 1.7398 | 1.7828 | 1.7290 | 1.7938 | 1.7181 | 1.8049 | 1.7070 | 1.8161
189 | 1.7513 | 1.7725 | 1.7406 | 1.7833 | 1.7298 | 1.7942 | 1.7189 | 1.8053 | 1.7080 | 1.8165
190 | 1.7520 | 1.7731 | 1.7413 | 1.7838 | 1.7306 | 1.7947 | 1.7198 | 1.8057 | 1.7089 | 1.8168
191 | 1.7526 | 1.7737 | 1.7420 | 1.7843 | 1.7314 | 1.7951 | 1.7206 | 1.8061 | 1.7098 | 1.8171
192 | 1.7533 | 1.7742 | 1.7428 | 1.7848 | 1.7322 | 1.7956 | 1.7215 | 1.8064 | 1.7107 | 1.8174
193 | 1.7540 | 1.7748 | 1.7435 | 1.7853 | 1.7329 | 1.7960 | 1.7223 | 1.8068 | 1.7116 | 1.8178
194 | 1.7546 | 1.7753 | 1.7442 | 1.7858 | 1.7337 | 1.7965 | 1.7231 | 1.8072 | 1.7124 | 1.8181
195 | 1.7553 | 1.7759 | 1.7449 | 1.7863 | 1.7345 | 1.7969 | 1.7239 | 1.8076 | 1.7133 | 1.8184
196 | 1.7559 | 1.7764 | 1.7456 | 1.7868 | 1.7352 | 1.7973 | 1.7247 | 1.8079 | 1.7142 | 1.8187
197 | 1.7566 | 1.7769 | 1.7463 | 1.7873 | 1.7360 | 1.7977 | 1.7255 | 1.8083 | 1.7150 | 1.8190
198 | 1.7572 | 1.7775 | 1.7470 | 1.7878 | 1.7367 | 1.7982 | 1.7263 | 1.8087 | 1.7159 | 1.8193
199 | 1.7578 | 1.7780 | 1.7477 | 1.7882 | 1.7374 | 1.7986 | 1.7271 | 1.8091 | 1.7167 | 1.8196
200 | 1.7584 | 1.7785 | 1.7483 | 1.7887 | 1.7382 | 1.7990 | 1.7279 | 1.8094 | 1.7176 | 1.8199
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